


Exercice I

(2/132)x de casd 4(13) = 12

"

21 ,
2

,
3

,
4

, 5
,

6
, 7

,
8

. 9 ,
10

,
11 . 12h

Montions que (IEIBE)" , x) est cystique i. e

Ja + (2112)"
, (21132)

* = <47 on ocal = 12

7= 7 7

y
2

= 5g = 50 = - 3 10

13=0 =2 =8 = 5 5

y = 57 = 35 = =
y = 9 9

15= - 15 = - 2 = 11 Il

10= - 14 = - 1 = 12 12

77= - 7 = 6 6

78 = 1-4)1- 4) = 16 = 3 3

19 = 21 = 8 g

70 = (- 2)(-2) = 4 4

y = 1- 2)(-1) = 2 2

y = 1 .2 = 14 = I

Donc 0(f) = 12 = 1/2/132/*)

=> (2112) *
= <73

donc cyclique .

b) ((z/122)4) = 4(12) = 4122)4/3)
= (4 - 2)(3 - 1) = 2 .2 = 4

(2/122/x = 21
,

5
,

7
, 113

0117 = 1 5 . 5 = 25 = T

T= T · (5) = 2

m . i = 1- 1))-1) = 1 F .F = 5 g = T

=) 0(7) =2

0(1) = 1 It nig a pas dietiments novice y, lock

legroupe n'est pas cyclique



Exercice 2

&(ij = 2 a + bi : a + 2
, 6tz3

al Soit a.bEZ9i]
a + b) = a + 1-b)tz(i)

don (Essis , + 1 est un Sous-groupe de (4 ,
+)

Soient atbi
,

a +6'it (i)

( + 6: (x(' + 6 'i) = aal - 68'i + abli + abi = z(i)

& c = 1 toi EX(i) donc 12Sist , /est un sous-anneur

de (4, +, x)

1zsi]*, x) soit z :1 + 3i
,

Cherchons E' +1 zz=

z = E= =-
uno ** et -

donc (ESist , XI n'est pas un groupe.

donc n'est pas un souscorps de ( tix

6) zzz[i] +g +Ezi)
Z

1. +1
,

i
,
-i



Exercice 3

Soit A un unneac integre i. e FabLA
,

a : 8= 0

=> a = 0 on 6=0

Supposons par labsecide que AxA est integre

0AxA = (0, 0) (a . b) x(c,
d) = (a) , bd)

Soient 11 . 0) et 10, 1
*0,0) #10, 0

(1 , 0) x (0. 1) = 11 : 0
,

0 . 1) = 10. 0) mais aucan des

facteurhe rout 10.
01. Absurde.

Donc AXA nest pos en anneace integre.

Exercice y

Soit A un anneau commutatif

N = 2aEA:n 21 +yan = ob

a) Soit a.bEN alors Jam ty anto

en =0

la-f(m=mym-k,

FR min =1) gam
-1

= 0

Sir) min-l ann = am . aim = am = 0 - aim =

Doi 10-61m = 0 donc abEN FaibEN

FatN Upt A ,
7 nz1 +ga" = 0

don kepl = Alph ca A commentatif

= 0 .ph = 0

Donc a .pEN

N vérifie le propriétés d'un Ilial

don Nest un idéal



6) SoitEN donc 7n21 al = 0

an - 1 = - 1 = (a-1)(a" + an+... + 1)

Don 1 = (1 - a) (an"+ ani +... + 1)

Donc 11-al est incessible

Si on pose m = an +1

am
-

- 1 = (a - 1)(a
+

= am
+1

+... + 1)

ant-l = -ant

1 + ah
+

= 1 - 1-a(+ = (1 +a)(am - ah " +... + 1)

Donc Ita est inversible.

2) Soit a invezible et Jnz 1 +q8" = 0

Ja +yaa = 1

a(a + b) = 1 + a8 a A et beN

donc ab EN par

defde Idéal

Oupies 161 I +of est

inversifte new a8 EN.



Exercice 8

A = X0 + 1 tk[X]

B = X+ Xi + X - 1 ( 4(x)

Xo + 1 X + Xi+ X -
-

xo +x5 + x3-x x -x + 1

-x5- x3+x+ 1

- x5 - x -x2 +X

x" - x3 +2x2- x+

x +x3 + x - 1

-2x3+2x2-2x + 2

b)X" + x3 + x - 1 -2x*+ 2x2 -2x + 2

X -x + x2 - x -2X - 1

2x -x +2x - 1

2x" - 2x2 + 2x - 2

X2 + 1

-2x* + 2xx - 2x + 2 X2 + 1

= 2x3 - 2x - 2x + 2

2x2 + 2
-

2x2 + 2

⑧

Donc A = (xh + x3 + X-12+
D = x2 + 1



2) X + 1 = (x + x* = x - 1)(x2-X+ 1) +1 - 2x3 +2X2-2x+2)

(x" + x3 + x - 1) = 1- 2x3 +2x2 - 2x+2)t2x - 1) + x2 + 1

(-2xi + 2x2 - 2x+2) = (- 2x+2)(X2+ 1) + o

y+ 1 = (x)+ x3 +x - 1) + 1-2x3+2x2- 2x +2)+zX -1)(1)

X+ 1 = (x)+x3 +x- 1) + ((x *+ 1) +(x)+ y3 + x - 1)- x2+ x -1)(zX + 1)

x2+ 1 = (x*+1))+ + (x+ x3+ X -1) x- (x +=x)
Ko Vo

(-x + x - 1)(2x + 1)

== [X + 2x2 - EX - x2 + x - 1

==Ex - [x2 + 2x -

D =An + Bu

0 = Min-Hol + BIr-Vol L
on faita pouo

site

15= 1

= 0 = T(x -no) + 5/r-Vol

= -Aud =V-v-E

=



Exercice 10

X2 = 1 mod X"-

x2n = (x2 = 1 mod X2+

x" = X
+*

X = Xmod X"+

x" = x
*

X = X modx"-

X*
= X

*
X = X mod x+

Dona X" +x + x17 = 3x mod X -

8) X = 1 mod X-1

x5= X mod X-1

x* = Xmod X-1

x
25

- x43 + 1 = 1 mod X-1

x45 - x(3 + 1 - 1 = X45- xx = x
*
(X)- 1)
X - 1

x"(X-1)(X + 11
=

X - 1

C = x((X +1) = xx + y43
-

(XY + x+2)(X - 1) +↓
R

x45 + y4 - yyy - yy + 1 = x45 - x3 +

(x(4 + x +3) = 2 moch X - 1

x25 - x44 + ) = (x4" + y43)(X - 1) + 1 mod (X -12
=((x-10+2)(x - 1) + 1

= (X-12 + 2x - 2 +

=(x- 1 mod Ix-112



4 X50 - X3 par X" +1

X = -1 mod X2 +1

x3 = (x2)48 = (114= /modX+

x* = (x22)X = (x4"X = - Xmodyz +1

1 - 1 x)=

Exercice 12

a) Xi - x2 + x - 1

= X(xx - x + 1) - 1

= X((x -12 + x) - 1

= X(X - 12 + x2 - 1

=X(x - 12 + (x - 17(x + 1)

= (x-1)(X(x - 1 + x + 1)

= (X- 1(x2 - x + x + 1)
= (X - 1)(x -

+ 1) = P

b) Qu = (X2 - X +1 - Xz + x - 1

P(Qu = (X-1)) Qu con (X-171x+ =

et

(x2 +1))Qu

Qu(l) = 11 - 1 + 11 - 1 + 1 - 1 = 1 - 1 + 1 - 1 = 0

Qu = (X2 - X + 1) - xz + x" - 1 mod x+

= (- X(n - 1-" + (x) - 1 mod X2 +1

Sin = 2n + 1 alors : Qu = - X - (1) + X -1

= -x + x + 1 - 1 = 0

Sin = 2n

1- x(2n' - x2
- 2n)

+ X2 - 1

X (((m + 1) - (14 - 1

Xan (2) - 1 - 1

=1- 11h (2) - 2 sin = 2n"

= O



Don Plan pour n impair et un

Exercice 21

Montrons que P/X) -X(4/P(X1)-X

P(x) = X mod 4(x) - X

Donc PIPIX11 - X = P(X)-X mod P(X1-X

= c mod P(X)-X

Donc 4(x) -X(P/P(X)) - X

Exercice 22

PEC(X] +y P'IP

Si P'IP alors P' et P partagent be mêmes racines

p = d(ax+8/
*

p = akd(ax + b(k
- 1

P = QP = (qX + h)akd(ax+ b)k-

= < p = & = Malb = akdluX+6

=laxt
= qX + h = X + 2

= )
uX + b

Ex+
= ak



Exercice 15

Soient min EIN
*

et d := m1n

Soit Je

Supposons que z" = z =

Jn', mi +q n = n'd

m = m'd

donc ind -giit =1

=2(zd)n = (zd)m = 1

= ga =
,

= 1 = 1
m

=

X+ =(X-3) Im

X -1

=T(X-z) In

xy = (X-z) Il-

(x -1)1(x* - 1) = π(X -3) =

z(x -2) =
x0+

Stum1Un

6)
On suppose que man et m = ng+2

Xm- E mod X" -1

x
n9 +2

- 1 = XXz - 1 = X - 1 mod X-1 core X" = lmodX"+

Xm -11x - 1 = X -11x" -1 =... = xd +



2) PE2[X]

(i) Dupees (41 pm -114" -1 = ph +

(ii) Donc FU .VECIX] ++ (PM -1) + 5 (p" - 1) = pa =

Supposons que
d = men = 1 = flPM -1) + 5p" - 1) = P -

pm - 1 = ( = 1)Q pn - 1 = (P -1)Q
(paym-1 = (p- 1)Q (pdyn- 1 = (p2 1)Q

pmn - 1 = ( -1Q" = (*) -1 = (pm+)n
=(pnym- 1 = (pn - 1)4

=> p - 11pma -
= ph - 1/pmn -

= pm-1/pmn -

monS

nSa

ph-19h-1
= 1

ce p-1 est tenespyed
P- 1 P - 1

doncPM py am-( (m -1)(p-1) (ma -1))p-1(



Exercice 27

alx5+ 1 dey/x5 + 1) > deg (x2(X-114
x4X - 1)2 = 5

= 4

Donc it faut effectuer encidivision.

X5+ =0 = X5 = + = X = y

Donc X5+ 1 = (X-1)Q

X5 + 1 x -2x3 + x2

X5- 2x"+x3X + 2

+2x" - x +

2xx - 4x3+2x2

3x3- 2x2+

X5+ 1

= & X+2
Xh -2x3x2xX

3X3-
2x
= + B + xy +

x2(x - 192

3x3-2xH = ax-Sx e

3 - 2 +1
= d = d = 2

I

3x = X+

! = 1 = b = 1

3X3-
2x C 2

P(X) =

x2(x - 192
= + ( +

x +
+

(X-112

P(X(X =

3x2 2x +y
= n + 7 + X 2x

IX-172 IX-11
+

(x -12 X-> +0

> a + C

-

1
3x - 2 + t 3 - 7+

3
x -2 + y

=

1 - E+ X - +0



donc a +c = 3

a L 2
p(y) =

3x3-
2x

= +
x2

+ x- +

x2(x - 192 X (X-112

3X3-
2x

xYx - 12 -2 =32
- 2x

3x2- 4x2 + 1
-

X4X-1)

3xHYx +Exx

3x3 - yx2+ 1 = aX(x - 1
=

+ (x-
2 + (xY(X - 1

3x3 - 4x2 + 1 = aX3 - 2ax2 + ax +x- 2x + 1 + cX -22

= x3(a + c) + xY -2a + 1 -2) + x(a -2) + 1

= a +c = 3 = = /

- Cu + 1 - c = 4Ia - 2 = 0 => a = 2

Donc
2 L 2

p(y) =

3x3-
2x

= +
x

+ X+
+

(x -1x2(x - 192 X

X5+ 1 3X3-2x+1

x-2xi+ 2x
=

x2x - 12
& X+2

2 L 2

= X + 2 +
X X -

++
x2

+ 1(x -1



8) X" + x + 1

P(X) =

X(x)+ 1)3

Nominateur est de degré degré de dénominateur

Dupies te theorime de decomposition en eliments simples
71

,a, bi2,de,FER +y

↑
+ aXtX+P(x) =

X

P(x)X = 1 + x)aX+ )
x+ x + 1

=

(x2 + 1)

Onpose X =0 = < P(XX = + = 1 = X =1

P(x)(x + 13 - * (x(+1))= (aX+b)(X2+ 112 + (x+d)(x)+ 1) + ex +7

=

X + X + 1
-

(x +13
X X

=-
Xo -2x -3x2 + X

X

= - x5-2x - 3X + 1 = ax + 2aX + aX + (x + 28x2 + 6

+ (X + 2x + dX) + d

↓eX + f

= x
* (n) + x (b) + x3(2a + 4) + x428 + d)

+ X(a + c + e)

+ b + d + f

= (

-

2a + c = - 2 = 3 ( = -2 -24= - 2 -2( - ) = = 2 +2 = 0 =c = 0& 8 = 0

-

-

28 +d = 0 = d = 0

a +( + e = 3 = 7 e = - 3 - a = c = - 3 + 1 =2 =) e = - 2

b+d + f = 1 =11 = 1



Donc:
~

((x) =
1

- 2x+X

(x2+113 - x 4x27112 - 2x2 + X

X(x2+ 113

(x " + 2x) +1)(X2 + 1) =

x +2(x + x2 +xi +2x + = No - 2x - (2 -22 + x

= y + X + 1

!

c)
Xi

=:
P(X/

(X- 1)(X2 - X + 112

deg(x2) < deg(X-11(x2 - X + 112)

donc d'après le théorème de decomposition
en éléments simples

7.
,

0 ,
b,cid En

P(X) =

X
& ax4 +

+
CX +d

X - 1 (x) - x + /12

x(x"- X + 112 + (aX+b((x)- x + 1(X-1) + aX+d(X-1
=

(x - 1)(x) - x + 112

- -

=X
+ [X +dX
- -

=X(x +a) + X3) - 2x - 2a +b) + Xi(3X + 2x -26) +X) -2x -a +28 +c+d)

(x - b -d)

=D

1 + a = 0 = u = - 1

- 24 -24 + 6 =0 = 6 = 0

3x + 2a = 1 = x = 1

- 2 + 1 + c + d = 0 => 1 = - 1 + 1 = 01
1 - d = 0 = d = 1



Donc
2

P(X) =

X - 1

- x x + 1
" (xx + 112

(x- - x + 1) 2 - (x) - x + 1((x - 1(x + (x = 1

(x2 - x + 1) (1 - x2 + x) + (x + 1)

XY
d)

X3 -1

deg(xi) > deykx" - 1) Alors
, effections Le division encidienne

por avoir une partie entièce

Xi X3 - 1

x -XX

X

x = (x - 1)x +X

= > XY X

xx- 1
= X +

X3- 1

X-1 n'est pas en forme reductible

X -1 = 0 = X3= 1 = X = 1

Donc (X-11/X"-

x3 -1X - 1 Donc (x* +1) = (x -1)(X(+ x+1
x2 -x

- x2 + x +

x- - 1

x- - X x + x + 1 = 0

X - 1
1 = 1 = 4 =

- 3
X - 1

- Donc il est en forum
sélectible

P(X) : =
X

(X - 1)(x2 + x + 1)



X* = X +
X3- 1

= x + P(x)

X
= X +

(x-x)(x2 + x + 1

X
P(x) =

(x -1)(x2 + x+1)

Dénominateur esten Forme insedetible

deplus deginom) <deg (denom
donc dapies le théorème de decomposition

en elements simples

7 x, 0 ,
6 /

P(x) = Y + aX4

P(X)(X-1 =
X

= x + (ax+x+1)(x = 1)
X2 + X+)

Posons X = 1 et on offient 5 = X = ) X = 5

P(x) =
5X2 + yx + E + ax2 + 6x -aX -6

(x - 1)(x2 + x + 11

x(5 + a) + x)( + b -a) + (5 -8)
-

(x - 11(x +x + 1)

= j +a = 0 = a = - t

I 5 + b -a = 1 = ) b = 1 - 5 - 5 = 1 - 3 = 5
↳ - b = 0 = b = !

Don P(X)=



Donc
XY

x- 1
= X + x = X+


