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Introduction

§1

1.1 EVALUATION

¢ 0.4 Continuous Assessment +0.6 Exam.
o Breakdown : 80% midterm, 20% Quiz (scheduled for 26/01).

1.2 STATISTICAL MODEL

DEFINITION 1.1 (STATISTICAL MODEL) — A statistical model is a probability space (0, A, P)
where P is a family of probability distributions {Fy;0 € ©}.

e If dp € N*,© C RP : parametric model.
e Otherwise : non-parametric model.

ExXAMPLE 1.2 (FAMILIES OF DISTRIBUTIONS) —
e Poisson distributions : P = {P(\); A > 0}.
e Regular density : P = {P;P whose density admits a bounded second derivative}.

DEFINITION 1.3 (OBSERVATION) — An observation is a random variable (r.v.) whose distri-
bution belongs to {F,0 € ©}. Our observation will have a structure of n-samples X, ..., X,
i.i.d. (independent and identically distributed) with a common distribution € {F,,0 € ©}.

REMARK 1.4 — (X1,..., X)) has distribution B2™. The sample contains all information about
F,, thus about 0. o

DEFINITION 1.5 (IDENTIFIABILITY) — A model is identifiable if and only if (iff) the mapping
0 — F, is injective.

1.3 ESTIMATORS

Hypothesis : We observe Xj,...,X,, i.i.d. from a common distribution € {F,,§ € © C RP}
(identifiable parametric model). Let 6* be the true unknown value such that Py = F.

DEFINITION 1.6 (ESTIMATOR) — An estimator of 6 is a measurable function of the sample
(X4,..-,X,,) and independent of 6 (computable from the data).
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Notation : § = 6, = h(X,, ..., X,). It is a random variable.
Examples : 6= X, 6 = X, — Xj, etc.

Fundamental Questions :
1. How to define a good estimator ?
2. How to construct a good estimator ?

1.4 QUADRATIC RISK

Idea : On average, 6 should be close to 8. We look at IE[@ — 6].

DEFINITION 1.7 (B1as) — The bias ofé s defined by :

B(0,0) =E[0] — 0

We say that 0 is unbiased if B(é, 9) =0.

DEFINITION 1.8 (QuaDRATIC RISK / MSE) —

R(9,6) = E[(é _ 9)2]

This is the Mean Squared Error (MSE) in English.

We say that 6, is better than 6, if and only if R(él, 9) < R(é2, 9).

1.4.1 EXAMPLE : PoissoN MODEL

Let X3, ..., X,, be distributed according to a F, Poisson law, with § > 0. We seek an estimator
for 0 = E[X].

Let’s propose : = X = Ly

X..
=171

Bias Calculation :

=1

)

SHE

B(0,0) IE[

1 n
= Z E[X,] — 6 (by linearity)

1
=—.n -E[X,]|—
n n-E[X;] -0

=0—0=0
Thus IE[Y] = 0, is the unbiased estimator.

Risk Calculation :
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R(9,0) = E[(Y— 9)2] - E[(Y-E[Y])z]
= Var(X) = Var(% > Xi>
= % Z Var(X;) (because i.i.d)
Var(X;) 6

1
:m.n.var(xl): . ==

THEOREM 1.9 (BIAS-VARIANCE DECOMPOSITION OF RISK) —

R(9,0) = (B(6,6))" + Var(8)

Proof.

U
1.5 CONSISTENCY
Asymptotic property. We only consider consistent estimators.
DEFINITION 1.10 (CONSISTENCY) — Let (X, ..., X,,) be i.i.d. from distribution By. Let 0, =
h(Xy,.... X,,). én is a consistent (or convergent) estimator of 6 if and only if :
.~ P
6, — 0
n—+oo
A ~ p.s.
REMARK 1.11 — 0, is strongly consistent if and only if 0, —+> 0. o
n—+o0o

1.5.1 EXAMPLE : REVISITING THE POISSON MODEL
©@=R%, 0, =X.
— P
e We can invoke the Law of Large Numbers (LLN) : X — E[X;] = 6.
e Via the quadratic risk :

R(0,,0) = Var(X) =2 — 0

n n—+oco
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According to Bienaymé-Chebyshev’s inequality :

B[(0. 0] _ R(..0)

P<|én -0 > 8) < = =

—0

1.5.2 “PLUG-IN” METHOD

Let (Xi, ..., X,,) be i.i.d. Poisson(#). We want to estimate 8 = P(X, = 0) = e~ ?.

A

B is consistent for estimating .

P P
LEMMA 1.12 (CONTINUOUS MAPPING LEMMA) — If Z, — Z, then h(Z,)) — h(Z) for any
continuous function h. o
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Estimators

52

2.1 PARAMETRIC FRAMEWORK

2.1.1 PARAMETRIC STATISTICAL MODEL

We have an observation (X3, ..., X,,), an i.i.d random variable sample (independent, identically
distributed) with common distribution P belonging to a parameterized family of probability
distributions {F gcgcpo }-

REMARK 2.1 — If © C infinite-dimensional space — non-parametric model. o
Estimating P is estimating 0 € RP.

EXAMPLE 2.2 — Bernoulli (8), Exp (8), N (u,0?), density distribution fo(x) = 02°11,c04 ©

NOTATION 2.3 — Ey [h(X;, ..., X,)], O[A(Xy, ..., X,,)]
Distribution of (X1, ..., X,,) = B&" o

DEFINITION 2.4 (ESTIMATEUR) —

=10, =h(Xy,...X,)

DEFINITION 2.5 (QUALITE) —
e Risque

R(0,0) = Ee[(@— 9)2]

e (Consistance

o 5o

n—+oo

DEFINITION 2.6 (MODELE IDENTIFIABLE) —

0 — F, injective
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2.2 METHOD OF MOMENTS

DEFINITION 2.7 — The theoretical moment of the distribution of X, of order k is called:

MkZE[Xﬂ’ k=1

DEFINITION 2.8 — The empirical moment of the distribution of X, of order k is called:

ﬂkz%zxzk

P

By the law of large numbers n_)—+>oo M-

The method of moments: if we can write 6 or g(6) , the parameter of interest, as a function

of the k first theoretical moments.

= ’C<M17 ey :u’k)
then the estimator

0=L(fiy,.... 1z

is obtained by the method.

EXAMPLE 2.9 (CALCULATIONS OF ESTIMATORS USING THE METHOD OF MOMENTS) —
e X, ~ Bernoulli(#) with values 0-1,

1 & —
=P(X, =1) =FE|X, — X, =X
0= P, =1) = BIX] > 00X,
e X, ~Exp(0),, fo(z) =071, E[X] =3 < 6= u%’ by the method of moments,
b= -1
P X
1 1
0(X;) == 6% =
= BIX?] — BIX[
1
== —F—
Vil — B
N 1
:>02 -

\/% Z?:l Xiz o (7)2

i.i.d. from the distribution F, with density

fo(z) = 9$9711xe[o,1]

L4 Xl’ ...,X

n

1
. = 6 = —
E,[X;] 9/0 z’ dz 1

Method of moments:
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E[X;]
Dy = 1—py) = =t
0+ =001 —py) =p, <0 1= B[X)]
=>éM=;,,PQ X=1)=B(X;=X,=..=X,=1)=0
1-X

2.3 RENDERED ON THE C.A.L.

(C.A.L. = Continuous Applications Lemma) (X,,) sequence of random variables. If X,

n>1
converges to X, what can be said about g(Xn)n> 1? If g is continuous, C.A.L. applies.

_ P P z
o if X, — X then g(X,,) — g9(X)
o if X, — X then g(X,,) — g(X)

REMARK 2.10 (SUFFICIENT CONDITION) —

D, = {points of discontinuity of g}

if P(X € Dg) =0, the C.A.L. holds true. o

EXAMPLE 2.11 —

. LLN: X 25 E[X] N
c CAL:g(X) =0, B y(BlX) -0

C.A.L. for pairs 0P£ sequences of random variz})bles:
o if (X,,,Y) — (X,Y), then ¢g(X,,,Y,) — g(X,Y), if g: R? - R or R? is continuous

n' - n n» - n
o if (Xnay;z,) — (Xa Y)7 then g(Xnay;L) — g(X,Y)
EXAMPLE 2.12 —
~ 1 .
0y = consistent?

LLN. -

e X — P

° % Z?Zl X7 — o
therefore

X P Ml)
—
(% ZZL:]_ X’L2> (M2

g(z,y) = \/y1_7 — M consistent for 0, g is continuous except at {(z,y) € R2,y = xQ} of

measure zero.

But this is false for convergence in distribution. o
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PROPOSITION 2.13 (CONVERGENCE OF PAIRS) —

(Xn>i>(X) o Xa— X
Y. Y Yy, Ly

Proof.

o = then C.A.L. g(z,y) = = is continuous, so X,, > X and ¥, - Y
e <= convergence of the pair?

Ve > 0,P(|X, — X| + Y, - Y| > ) < P(IX, - X] >§)+P(\Yn—w>g)

—0 —0

This converse is false for convergence in distribution!

2.3.1 EMPIRICAL VARIANCE

If the X, have an expectation y and a variance o2, we call the empirical variance
-1y (X =iy e iy 2y ax
6 = — - == 24 -z .
tongmg ne ' ongIm ne

1< e —
=-) X?+X?-2XX =5
ni:l

the moments estimator:
o® = E[XE] _E[Xi]z

We replace theoretical moments with empirical moments

~ 1 9
s et=0 2 X (X)
n i=1
Consistency: 52 = L 5" X2 (X)2
' n i=1 "1 )
YLE[X] cv en proba ( X ) LAC

— 1\ 2
n Zizl X

EXAMPLE 2.14 —
o calculate the bias of 62

o calculate the risk of 62

10

— 62 which is consistent with Var(X) = E[X?] — E[X]?
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2.4 MAXIMUM LIKELIHOOD METHOD

2.4.1 GIVEN MODEL

(Fy) e 18 given if there exists a measure p (positive o -defined — X; with values in E, E = U
E, with p(FE,) finite) such that V6, By admits a density with respect to u.

2.4.2 IN PRACTICE

o either E is at most countable: y = counting measure. If 3, {ay,ay,...} s.t. 30, F(X;

a;) =1, then p = Ekzl 04, With 6,({a}) = 1 Dirac measure.

ExAMPLE 2.15 — Bernoulli (0), X; = 1, probabilities 0 — p = 6, + 6; We will write
fo(z) = B({z}) — F(X; = z) with z € {a;,ay,...}

=1-6

e or E =RP, then f, is the usual density

fo density of F,

DEFINITION 2.16 — We call the likelihood of the sample (X1, ..., X,,) the function

n

06— L,0)= H fo(X;) (random variable)

i=1

DEFINITION 2.17 — A magimum likelihood estimator 0y is defined by:

V6 €®,L,(0) < L,(9)

We often work with the log-likelihood

log L, (0) = Z In fp(X,) sum of random variables
i—1

log L, (é) = zug log L, (0)
€

REMARK 2.18 — 0 is a random variable

fo(z)
6,
0y

11
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EXAMPLE 2.19 —
o Bernoulli(f), f,(z) = 6*(1—0)'7*, X, taking values 0-1

L,0) =[[6%1—0) % == X1 — g i X
i=1

log L, (0) = (i: Xi> In6o + (n — zn:Xl) In(1—6)

=1

I SRE S . SR IR

(log L)' (0) 0 1-6 9(1—0)

Likelihood equation:

(log L,)) () = 0 <= (1—9)ixi = (n— Y Xi)ﬁ
i=1 =1
Z?:l Xi

@anxi:nezwz
— n

1=

Is the critical point a maximum?
The derivative changes sign at X — we indeed have a mazimum — oMV =X
Second-order condition, if (log L,,)" () < 0 for all & = log L,, is concave => global
MaTimum

_Z?=1 X _n- Z?:1 Xi

V4 — v
(logL,,)" (6) 02 1_02 <0,,Vve

12
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Fisher Information, efficiency

83

Let (PB)) © C RP? (identifiable, given). Let f, be the density of P,
Suppf@ = {.’1}' € Enfe(z) > 0}

Given (X4, ..., X,,), i.i.d. from distribution P, and 6  L(0) = H:=1 fo(x,) as the likelihood of

n

0ce’

the sample. On Supp f, we can calculate
log Ly,ig) = Y _log fyx,)
i=1

0= argmaxgcg log Ly, g

PROPOSITION 3.1 — If § MLE" for 6, g(é) is an MLE for g(6)

Objective: what “better” estimator can we have? — regular model

3.1 REGULAR MODEL

DEFINITION 3.2 — The model (F),_g is said to be regular if
1. © is an open set and 0 > fq, is ok
2. Supp fy does not depend on 6: S = {:I:, fo() > 0}
3. For all 6, the mapping

18 continuous on ©.

NotatTioN 3.3 — We denote the derivative of fy,) with respect to 0: %(z) The quantity I(0)
is called the Fisher Information of the model. o

EXAMPLE 3.4 —
o fo) = 0e=% density with respect to p(dz) = 1, dz

'MLE = Maximum Likelihood Estimator

13
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01+ 0e? is C™ on © =]0, +-o0[, Supp fy = R,

of, w
a—;(x) = (1 —z6)e
262
(1—z0)2(e?) _ (1— $9>2e—a:9
fe—=0 6
1(0) = /OO wg —z6 g

=/ 7 e x
1 2
1 1

= §[1 —20E(X)+ 60*E(X?)] = 5

continuous on )0, 00|

o
ExaMPLE 3.5 — Bernoulli(9), z = 0.1, fpo) =1—0, foq) =0, density with respect to 6, + &;
For all z € {0,1}, 0 = fy(,) is O
(afm))?
00 1
fo) 1—-0
(afg(”)Q 1 11 1
06
=-=J0=—>+-=
foa) () 1—-6 60 6(1—0)
continuous on ]0,1[
o
EXAMPLE 3.6 — fy,) = %]1[079] (z) = %]1[1;7+Oo[(9) non-regular model o
3.2 SCORE AND FISHER INFORMATION
(X1,...,X,,) i.i.d. following the law of F, f,
DEFINITION 3.7 — We call score or score wvector the derivative of the log-likelihood
55108 Lyyg) = S = 21| 55108 fo(X;)
EXAMPLE 3.8 = X; ~ &£(0), L) = 9re 92X logL, () = nlogh—0 >, X;, hence S —n(0) =
5— Z?zl X —i o

REMARK 3.9 —

14
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E(S, (0)) = E[n (% - ZnXi)]

&

Supplementary regularity hypothesis: (H) for any estimator h(X) and any 6, the following
integrals exist and are equal:

5 | M@z = [ ) e

REMARK 3.10 — condition for applying Lebesque’s differentiation theorem.

hsupl | € Li(p)

o)
sev, 00

PRrOPOSITION 3.11 — Under (H), the score is centered (F)), n =1

DEFINITION 3.12 — The Fisher information associated with (X, ..., X,,)

9 27 cor. de,_l/z:propl 9o Ln )
(ae gL “’>> ] - T [g—()]

Eq 00

def

2 il g il 2
E, [860 log fe(Xl):| = /S (8;:((9;?)) fo(x)dx = /S M = "expression from definition

EXAMPLE 3.13 — (X;,..., X,,) ~ &(0), ZlogL,(0) =% —

n

1,(6) = E((% —ZXZ.)Q) =n?E

PROPOSITION 3.14 —

indeed,

15

0 0 0 0
» [% long(H)] / 39 log fo(x)dz :/s %Wd aJ;Q (z)dz = %/ fo(z)dz =D

1"
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I.(6) = Var(%logLn(G)) = Var (Z %log fO(Xi)> = = iL Var(%log f@(Xi)> =

independance =1

= nVar (% log fe(Xl)) = nI(6)

EXAMPLE 3.15 — (X, ..., X,,) i.i.d P(8), fo(x) = e 0%

x!

logL, (0) = —nf + (Z Xi) log 6 — 1ogﬁ X;!
i=1

0 B Y X, B X, 1 . n
%logLn(e)——n—i— ) :In(e)—Var( 5 )—92110—0

3.3 FISHER INFORMATION AND SECOND DERIVATIVE

PROPOSITION 3.16 — Adding that 0 +— fy(z) is C* and that (H) holds for g—;, then Fisher’s
information can also be written as
0?log L,, ()
I,(0) = —E, Qo2
if 6 is MLE, L) >0
n=1
02 fg(x)\ 90, )2
82 _ ( 002 ) ()
o 08 fy(2) =~ —
2 82f9(:1;) M@ 2
B2 og fy(xy) | = / 2 fox)dz —/ e
62 s s Ji(x)
1(6)
log L(6)
6 0

16
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If the curve is very “peaked” at the MLE (i.e., Fisher information is large), then the MLE is
precisely localized.

3.4 CRAMER-RAO INEQUALITY

Let g(6) be the parameter of interest where g : © — R

PROPOSITION 3.17 — Under the assumptions of a regular model, if for all 8, I(6) > 0, then
for any sans biais estimator T = T(X,, ..., X,,), E,T? < 400, we have

(4'(0)>) _ (g'(9)’
V6 € ©, Vary(T) > 1.00)  nl()

Proof.
V0 Egr) = 9(0)
9 :
90 o(T) = g'(0)
T=T(X,) < %/ T(z)fo(z)dz = g’ (0)
me [T B g et = 10
_ @fa(m) Ve = o
o [ @@ o) BT et =g 0
O
Cauchy-Schwarz Inequality for (hq,hy) = [ hy( fo(x)dz with hy(X) and hy(X) centered
i) 2 ) 2
_ 260(2) 560 (2) 2Vd
(<T<X> o(0). 208 >9) = (60)" = / D fofa)do x [ ( e ) fol)d

=Vary(T) —1(6)

17
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DEFINITION 3.18 — If T attains the equality, then T is called efficient.

18
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Asymptotic study of estimators

§4

In a regular parametric model, if én is an estimator of 8, then

- 1
ne)  nl(9)

Var (én) >

if Var (én) = #W) and it is unbiased, 0, is efficient efficient
Asymptotic: n — 400,
1
1(6)

4.1 CONVERGENCES

n Var(én) n_}—+>oo

(Xn)n> o Sequence of real random variables (Rd)

e convergence in distribution: X, L X iff P(X, <z) — P(X < z) at every continuity

n—+oo
point of z.

LEMMA 4.1 (LEMME DE PORTMANTEAU) — FEquivalent characterizations:
e For any bounded continuous function h,

E[h(X,)] — E[MX)]

= convergence in dzstmbutwn is stable under continuous mappings (CMT) MAIS it is

generally faux that if X,, —> X andy, —> Y then (Y"> i) (Y)

n

This is true in 3 cases:

1. i
. |Vn,X, et Y, sontindépendantes alors convergence en loi de X, et Y,
X et Y sont indépendantes convergence en loi du couple (f,")
2.

s =)L) = ()= ()
y By o \% Y Y, Y

3. (Slutsky’s Lemma) (the most important)

by applying the CMT,

19
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4.2 CONSISTENCY OF ESTIMATORS

DEFINITION 4.2 — én is asymptotically unbiased if and only if

Biais(6,,,0) = E[6,] =0 — 0

n—-+o0o

REMARK 4.3 — Convergence in probability does not imply convergence of expectations.

P
If X, — X, |X,| <Y €L’ then by dominated convergence X,  — X in L, o

EXAMPLE 4.4 — 7, = %Z?:l (Xi —Y)z =15 Xx2- (Y)z moment estimator for T2 =
B[X?)] — (B[X])?

1
Biais(72,7%) = ——72 asymptotically unbiased
n

. A2
Consistency of 7,5 ¢

Tools to show consistency:
e LLN
o if R(én, 9) — 0 then én is consistent because L? = convergence implies convergence in
probability
e return to the definition of convergence in probability

o if (X;) are i.i.d., then (X?) is i.i.d.
E[X?] < +o0
LLN: 1Y X2 55 B[X?] = 72 — 2

« X 55 (LLN), CMT with h(z) = a%: (X)” = u?

) %Zyzl X? P T2—p?
Therefore ( 1y, ) — ( B )
o CMT h(z,y) =z — 9>

—\2 P
Therefore%ZXf—(X) 2 — p? =12 .
4.3 ASYMPTOTIC NORMALITY OF 0, FOR 6.

— Question: what is the convergence rate of 8, towards 0 ?

(Xy, ..., X,) i.i.d., with expectation 6, § = X with variance 72(6)

n

20
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CLT \/ﬁ(y — 0) Ny N(0,72(0)) regardless of the distribution of X;

DEFINITION 4.5 — én is an asymptotically normal estimator if and only if

e convergence rate in \/n
e convergence in distribution
o [imiting distribution is normal

Vi(0, —8) = Z ~ N(0,72(9))

EXAMPLE 4.6 — Is 72 asymptotically normal?

(X1, ., X,,) d.i.d. with expectation u, with variance 72

2=t (X = I K (X )+ 23— (e )

i=1 =1

—2(u %) (X4)

e CLT: if (X;) are i.i.d., then (X; — p)? are i.i.d. with expectation 72,

ﬁ(%i(Xi—u)2—7'2> i>er.7\f(0,u4—7'4)

=1

V(=) 5z 40

n—-+oo

Therefore 72 is an asymptotically normal estimator

REMARK 4.7 — \/ﬁ(én — 0) -~ N(0,7?) <= Vn(0.-0) B N(0,1) Application of Slutsky’s

n—-+0oo T n—+0oo
Lemma: if #2 is a consistent estimator of T2, then we still have

V(8. —6) =5 N0, 1)

3

>

Proof.
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Vao-9) _ («ﬁ@) “(3)

T T
—_———
N ——— P
—1

Lz (0,1)

<
— 1 x Z by Slutsky's Lemma and consistency of 7

O
4.4 )-METHOD
6 asymptotically normal estimator: what is the asymptotic distribution of 9(0)?
LEMMA 4.8 (METHODE DELTA) — Let Z, be a sequence of real random variables s.t.
(2, —p) s Z ~ N(0,7%)
Let g be a differentiable function, g’(n) # 0. Under these assumptions, we have
< - W2 o
Vilg(Z,) —gw] > Z~N(0,(g' (1))
g(@) =g(u) +¢'(w)(z —p) + (z — ) R(z — p) where R(y) — 0
Vlg(Z,) — 9(n) = ¢’ (WVn(Z, — p) + (Vn)(Z, — WR(Z, — )
L2 (0,72) Zn(0,72) Loor

—N(0,(g (n)*2)
Do we have Z, i w?

7

P(X, — > e) :P(\/ﬁ\ n—Hl \/56)
T T
7 _ _
) (ﬁ( i) ﬁe) +P(ﬁ< s n)
T T T T
o (E) () ()
T T T
o

22



Statistical Inference Course Notes — Yehor KOROTENKO

Empirical Distribution Function

85

(Xy, ..., X,,) i.i.d. real-valued sample from an unknown distribution F'.

vz € R, F(z) = P(X, <z) = E[1x,.,]

DEFINITION 5.1 — The empirical distribution function associated with (X, ..., X,,) is defined
by:

Vz € R, F, () is a random variable, an estimator of F(z).

DEFINITION 5.2 — Empirical Law P, = £ Z?zl dx, is a discrete uniform law on { Xy, ..., X, }.

Graphical Representation
Conditionally X; =z, Xy = z,,...,X,, = 2,

Ty < Z(g) < ... < Ty, ordered values

PROPOSITION 5.3 (IMMEDIATE PROPERTIES) —
e nF (z) = 2?21 1y, <, follows the binomial law(n, F(z))

23



Statistical Inference Course Notes — Yehor KOROTENKO

. R(Fn(x),F( )) =0+ 2% Var(z 1y <z> = LF(z)(1 - F(z)) = 0 therefore
ind
Ve € R, F, () il F(x)
e or LLN: F () estimator consistent of F(z).

o We have a uniform convergence result:

sup|F (z) — F(z)] L) (Glivenko-Cantelli Theorem)

z€R n—-+oo

2

e F (z) is it asymptotically normal?

¥
= - X, <z
i
CLT: the X; are i.i.d., so the {]lXigx = YZ} are .1.d.

Va, F() €0,1], va(E,(z) - F(x)) <> N(0,F(x)(1 - F(z)))

n—+oo

F (z)—F
— —”(x) () < N(0,1)
F(z)(1-F(z)) n—+oo

n

5.1 EMPIRICAL ESTIMATION

plug in” or substitution method, parameter of interest § = ¢(F’), the empirical method defines
9 an empirical estimator by replacing F' with F — 0 = c(F )

EXAMPLE 5.4 — 0 = Ep(X) = 0, = B (X) = Z?zl X; x L =X if X; are distinct

0 = Varp(X) — 8, = Vary (X) = lz (X, 77)2

5.2 GENERALIZED INVERSE

DEFINITION 5.5 — The generalized inverse of F is defined by:
“1:[0,1] —R
Va € [0,1], F (o) = inf{z € R, F(z) > a}

If F is strictly increasing, infx such that F(x) > a <z > F~Y(a), if F is the function of a
discrete distribution.

2Glivenko-Cantelli Thm: https://fr.wikipedia.org/wiki/Th%C3%A90r%C3%A8me de Glivenko-Cantelli
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EXAMPLE 5.6 —

Flla)=reFlr)=aePX<z)=a<PX>2)=1—«

o
Vocabulary:
e F!is also called the quantile function
e F!(a) = a-order quantile, of the distribution F
. F_l(i) = 1st quantile
. F_l(%) = median
. F_l(%) = 3rd quantile

LEMMA 5.7 — U a random variable on [0,1], F a c.d.f., then F71(U) is a random variable with
distribution F o

o If F' is bijective:
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P(FYU)<z) = PU<F(@)) = F(z)
F bijective car P(U<z)=z sur [0,1]

o If F is discrete: F~! generalized inverse: F~1(y) <z < y < F(z)

5.3 EMPIRICAL QUANTILE

DEFINITION 5.8 — We define the empirical quantile (sample quantile) of order «, as the

quantile of E, :

PROPOSITION 5.9 —

e It can be shown that g, , = X is the ordered sample

of (X;)

naol) where X(l) S X(2) S S X(n)
1<i<n

[u] = the smallest integer > u

EXAMPLE 5.10 — a = 1, [2],

si n =2k medianne = cjn,% =X
sin=2k+1 medianne = §, 1 = X

o (Consistency

if a €]0,1[, if F is strictly increasing in the neighborhood of o
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Confidence Intervals

86

6.1 DEFINITIONS

(Xy,..., X,,) i.i.d. from distribution P € {F;,0 € © C RP}, we are interested in § € R or g(0) :
RP — R.

A confidence interval for 6, with a confidence level of 1 —a,a €]0,1] is an interval whose
bounds are random, functions of the sample and do NOT depend on the unknown parameters
of the model, and such that

P([Binf(Xy,...,X,,); Bsup(X;,..,X,)]|20) > 1—«

e A CI is computable from the data
if the inequality is an equality =, the confidence level is exact.
if we have P(6 € [Binf, Bsup]) — 1 — a, the level is asymptotic.

n—-+0o0o

generally o = 1%, 5%

6.2 INTERPRETATION

IC = [Binf(X4,...,X,,), Bsup(Xy, ..., X,,)]
mathematical formula that guarantees the level
('-’Cls—:'xn)cg 1—a. We observe X; =21, Xy = Zq,..., X, =
(aq, —_ 'xn) ) x,, a realization of the random sample. We
(x, _,'xn\c"ﬂ calculate IC = [2.3;5.1] with a confidence level
95% (a = 5%).

Cv)
(xu—)xﬂ) ‘

' On average, out of 100 calculated intervals
l (using the same formula), there are 5 intervals
| that do not contain 6.

o P € [Binf, Bsup]) =1—«

P(0 € [2.3;5-1)="95% because 6 is a number

6.3 PrvoTAL METHOD

(X,,...,X,) i.i.d. with expectation @ € R, with variance o2(6). Let 8 be asymptotically normal:

Vi(0, —6) = N(0,0%(6))

n—+oo
V(0. —0) 2
@ e O

By definition of Gaussian quantiles, g, = ® !(a) where @ is the c.d.f. of N(0,1)

3Binf for lower bound and Bsup for upper bound
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P(qggw<ql_g) — 1—« (1)

n—+oo

ol/2 (/2.
Q%2 i Q- x/2
. . .. Vn(6-9) - : 5
pivot or pivotal statistic = -—— a centered and reduced statistic derived from 6, where

02(0) is estimated by &2, consistent for estimating o2(6).

If this is the case,

va(d—0) 520

i> N(0,1) by Slutsky's lemma

0’(0) 6‘2 n—+oo
~————— S~———
< P
= N(0,1) I

A estimateur consistant
6 as. normal

o we deduce

REMARK 6.1 (wnHY $7) — We can observe that the quantiles in Equation 1 are of order §

and 1 — 5. To understand why, it is enough to perform a simple calculation. First, we note
V(66
% = Z ~ N(0,1).

P(q%ﬁzﬁql—%):P(Zﬁql—%)—P(Zﬁq%):1—%—%:1—0‘
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Supplements (before midterm)

§7

Review of asymptotic normality
Example
Asymptotic pivot

Ll

Example 2

7.1 ASYMPTOTIC PROPERTIES OF A SEQUENCE OF ESTIMATORS (én)
n>1

. P
e Consistency 6, — 0
o Asymptotic normality, if there exists 2 > 0

Va0, —8) 5 N(0,0)

n—+oo

In general, if there exists v,, — 400
n—+o00

£
Un(énfe) — Y
We say that én converges at rate vi
REMARK 7.1 — If én is asymptotically normal = én s consistent

Lou P

A 1 ~
0, —0= %\/ﬁ(en—a) g 0
=0 i‘>]\/(0,02)
1
U,=—=—0
<&
d-method
Va(X, —1) = N (0, 1)
VX, —1) & Z ~ N(0,1)
1
X ~1+—27
WAt

If g is differentiable at 1,
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d-method
Vi(0, —8) = 2 ~ N (0,1)

g differentiable at 0
g(x) =g(0) + ¢ (0)[(z — 0) + r(x)] where r(x) :>0 0

6,) — r(6) =0
g(én) =g(0) + (én — 9) [g’(@) + r(én)]

0, s 6 thus (LAC) r(
(9(8,) — 9(8)) = ¢'(0)2 ~ (0, (g'(6))%)

0,)| .=
" Slutsky

Vn(g(6,) — 9(0)) = vn(8, —0) | g'(0) + r(

Zrg'(0)

£
—Z
e n,x>0,p=E[X]>0

EXAMPLE 7.2 — X, .., X, with density law f(z) =

L 2?21 X, efficient?

L
it = X estimated by log L, (1) = —nlog u — m
Var(j) = —= Va Yx 12Va(X) L Var(x,) = £, B[]
I = — I . = _— I . = — I . = — =
H n2 - % i;izp n2 - i :_(,i n i ) L[ H
0 n 1
o )( PR >
n 1
L = Var( =2 45> X,
= i4 Var( Xi)
1
n
= /? Var(XZ)
n
T = 22
f Var(fi) = 5 » is unbiased and fi. Therefore,
is efficient./n(fi,, — u) N N(0,u?) = Var(,) = %2 = CLT:
M variance of the asymptotic Gaussian distributionN (0, 1)
e has the asymptotic distribution (X,...,X,) another parametrization: f(z) = e~ %% z >
0 4..d.
1
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log L,,(0) = nlogf — 0 _ X,
i=1

1=

9 _n AMV _
%(logLn)(e) =3 DX, = M =

< I = Var(% - ZX) =Var(}_X;) =

REMARK 7.3 —nX ~T'(n,0) cf. TD1:

ol

1 1 2
E|:—_:|: 6 Var 3 = 0
nX n—1 (nY) (n—1)(n—2)
and o
E[é]zn 0
X n—1
a=""1p
n

unbiased

Var(é) = (ngl)gvar(%> = U ;21)2 E (%)2 B (E[%])Z

Mx 7262 ~(n— 1)2 n? 02
& am-2 W (n-1p

not efficient

0 is asymptotically efficient
X asymptotically normal (CLT). g(x) = L on ]0,+oo[, ¢’ (x) = ——5 # 0, delta method:

T

) = 430 )

~—————
—92

I

2
VR

o
Bl %

I

SN

no
~__

7.2 PIVOTAL (ASYMPTOTIC) OR PIVOTAL STATISTIC

DEFINITION 7.4 — A statistic whose distribution does not depend on unknown parameters

EXAMPLE 7.5 — X, ..., X,, i.7.d. Bernoulli(§) with 6 €]0,1][:

n
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Vn(X - 0) — N(0,6(1-9))

X -0 <
& \/ﬁm — N(0,1)

pivot ou stat. pivotale

Pivotal method for confidence intervals: We estimate 1/6(1 — 0) by 4/ A( — é) using the “plug-
in” method with the continuous function g(z) = +/z(1 —z) where z €]0,1[, 4/ (1 —(2)) is a

consistent estimator of \/0(1 — 0)

h ) 9(1—0
\/ﬁ#:\/ﬁ 00 ( )
6(1-9) 0(1—6) \/9 1—

*)N(O 1)
TLC —> 1

consistant

EXAMPLE 7.6 — (X1, ..., X,,) with density 6 > 0. fy(z) = 2a? exp(—%ﬁ)]lzzo
. MLE?

’ n 1 5 5 2
(logL,,) (0)=—5+0—22X. = 0=

2 A
(logL,)" (6) = 25 Z i (log L,,) (0) = Zpf= —;—2 < 0 + uniqueness

= global maximum

CLT:

n(6—6
. Yl ; ) 5 N (0,1)
pivot asymptotique
n(0—0
= \/_( _ ) — N(0,1)
Slutsky 0

qa and 0 -q quantiles of N(0,1)
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n(0—0
P(qag\/_(A )<11 a) — 11—«
2 9 2 n—+oo
6 4 6
P qgﬁgﬁ—eﬁqk%% — 11—«
P é—qk ig@gé—q i —1—a

=1IC(0) de niveau asymptotique (1—ca)
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Estimation in GGaussian samples

58

1. Normal distribution and derived distributions
2. Distribution of empirical estimators

3. CI of parameters

4. Exercise

8.1 TL;DR
(X, ..., Xy) ii.d. random variables following N (0,1) and X ~ N (0,1),

Y =X{+..4+ X3 ~x*(d)
X
——= ~ Student(d)
Vi

8.2 NORMAL DISTRIBUTION AND DERIVED DISTRIBUTIONS

DEFINITION 8.1 — Z is said to be standard Gaussian (normal) if its distribution has the
density function

1 12

ez, reR
V2T

fz) =

We denote Z ~ N(0,1).

X s said to follow a normal distribution with parameters p € R and 0% > 0 if and only if
X=pu+o7

denoted

X ~ N(N’UZ)

Other characterizations of the normal distribution:
e by its density function

1 1
fx(@) = e 32" H

V2mo?

e by the moment generating function

2

2t2

M(t) = E[etX] = e#t37° vt ¢ R

REMARK 8.2 —
e If 0> =0 — X = pu almost surely
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o if Xi ~N(py,0%), Xo ~N(usy,03) and X € R, then

AX7 + Xy ~ N (Mg + pig, A07 + 03)

Central moments: symmetric density with respect to p

()

- N(Oa 1)
Student(3)

centered moments: E[(X — u)*]

¢ all odd-order centered moments are zero
_ (2K 2k
* M2k = kg0
0 E[(X — )t = 30*

0 Var(X) = E[(X — p)?] = 02

DEFINITION 8.3 — (X1,..., X,;) i.i.d. sample from N(0,1). The distribution of X? + X2 +
o+ X2 is called the x? (chi-squared) distribution with d degrees of freedom (df).

f()

— Xv

COROLLARY 8.4 —
o if Y follows a x*(d) distribution, E[Y]=d, Var(Y) = 2d

Var(X7 +..+X3) = d  Var(X?)

indep

EX!=E[X2?]°=3-1=2
e support R
_d 1
. M(t)= (-2, (<)
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\/%

DEFINITION 8.5 — if X ~ N (0,1) and Y ~ x?
is called Student’s t-distribution with d df.

(d) are independent, the distribution of Z =

REMARK 8.6 — if d — +00, the Student distribution converges to the distribution N (0,1)

Y 1 d .

Jad Ezl 4rmk| where U, ~N(0,1) are mutually independent from X
— E(U?) =1
LGN

therefore (LAC)

by Slutsky’s Lemma Z L1 X~ N(0,1)

We introduce (X3, ..., X
« u E[X;] »
e & 0?2 =Var(X;) w

id. N(p,o

—\2
Let Sp = A3 20 | (X —i— X) unbiased

%) where p and o? are unknown parameters.

8.3 EMPIRICAL ESTIMATORS LAW

THEOREM 8.7 (LAW OF fi AND 6?) -
e X and Zi:
()
e E3 (X5 -X) ~xPn—-1)=>
XS:L ~ Student(n — 1)
T

3

Proof.

36

ng? 2
2 ~X (n
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M(u, [ tn) =F [euf-‘rtl (XI—Y)+,..+tn (Xn_y)]

- I
=F]|e % LelFtt)X,

=F _ﬁ e(z,+tit)Xi]

i=1

X, indep. = ﬁ E [e(“n“i*f)Xi]

i=1

M(u,+t;—1)

— 2 —2
el (Grtti—t)+% (up+t;—1)

I

-
I
,_.

- 2 -2
_ ezzll p(2+t,—0)+% (u,+t;,—1)

0
Pt (D5 T (2 (6D 25 (D))

2 2 2
_ gt (T (D))

=1 i=1 %
1S (x,-x X (X X, - X
ST D ICTE IR Te S R TE ) S E S
1= (2
=0
1 <& -\ 2 n 2
- AT -T) A
=1 ——
2
=S, (554) e (“) ~x2(1)
. (1 — Qt)fg _(n-1)
by independence = M, 2(,,)(t) = M, (t) M, 2(1)(t) = M, (t) = 1203 = (1—2t)
— 2
which characterizes the x?(n — 1)
_ X—p X—p
X—p_ & _ &
Sn Sn g V1 52
N RO o
—\2
S2 X;—X

o2 o2

thereforeX 4+ S? are independent = Student(n — 1)
~——
def Student
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8.4 IC OF THE PARAMETERS

Pivot. YS*“ _~  Student(n — 1)
loi exacte

3

E

f(z)

Confidence interval (o?), ’L—": ~x3(n—1)

A\
Q

no? noe
=P ————<’<——— | =a-1
(ql_gxz(n -1 gsx*(n—1)

_ né? ng?
Gl = [ql_gx2(n1)’ quQ(nl)]

REMARK 8.8 — ”0—"22 ~x3(n—1) and ("_0;2)572’ ~x3(n—1)

X —
3 £ Student(n — 1)

-
n

8.5 EXERCISE

 Show that (ﬂ, &\2) are the MLEs of y and o2
e R(S%,0%) > R(5,%,0%) where R represents a risk
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Introduction to Statistical Tests

59

9.1 EXAMPLE

9.1.1 QUALITY CONTROL: INDUSTRIAL.

Produces “parts”
¢« L of good quality
o U defective

For the manufacturer, a proportion of 20% defective parts is assumed acceptable.
To control: randomly select n parts, verified (p < 20%)
9.1.2 MODELING

iéme item Xl _ {0 si bonne qualité p= P(Xz —_ 1)

1 si défectueuse

L we sample n items and observe a sample (X7, ..., X,,) whose observed values are (z, ...

inférence

2
‘:{ (X150 X,)
b

What is p? — we estimate
e empirical proportion

o X, o Bernouili(p) — p = X

We observe £ = 0.22, n = 100
We proceed with a confidence interval for p. We define p = X, CLT:

X - <
=P 5 N(0,1)
p(l—p) M=+
we estimate the standard deviation by @ (consistent). Slutsky’s Lemma:

z(l—x)
n

LGN: Yip , LAC: g(z)=

P
p(1-p)
_ _ - "
X-p _ X-p EST £ 1N, 1)
\/X(ln—X) \/p(ln—p) X(ln—X) n—+00

39
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X —
P| gnorma < — P < gnorm;_eo — 11—«
2 X(1-X) 2 | notoo
n
_ X(1-X) _ X(1-X)
&SPl X—q_x« <p< X—qa — 11—«
n 2 n n

IC(p) = X + qnorm;_a X(lgx) with an asymptotic level 1 — a.

Ex: T =0.22, = 5%, n = 100, IC = [0.14, 0.30]
Question: is p < 0.2 0rp>0.27

9.2 PRINCIPLE OF A TEST
© CJ0,1[. We want to test if p < 0.2 or p > 0.2.

O = 0, U O, disjoint subsets.
—— ——

10,0.2] 10.2,1]
We test Hy: p € 6y, p < 0.2 against H;: p € ©,, p > 0.2
Conclusion:

o Either we retain Hy: (p < 0.2)
o Or we reject H, (we conclude p > 0.2)

for Hy, R

e if (X4,...,X,) € R, we reject Hy (in favor of Hy)
o if (Xy,...,X,,) € R, we retain H,

DEFINITION 9.1 — A test of H, against H; is defined by the construction of a rejection region

Often ® = {(Xy,...,X,,), T(Xy, ..., X,,) > ¢}
o T: test statistic (real-valued)
e c: test threshold

REMARK 9.2 — the decision of a test is random (depends on random T')

How to relate & to the tested hypotheses?

9.3 ERROR RISK

DEFINITION 9.3 — Type 1%¢ error or Type I risk is the function defined on
©, — [0,1]
p B((Xy,...,X,) € R) = F,(we reject Hy)

The test is said to be of level o if

sup B, (rejection of Hy) < a
PEBq
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R, Type I error = P(rejection of H, wrongly)

reality / decision H, true H, true
H, true ok Type I error
H, true Type II error ok

DEFINITION 9.4 — The Type II error is the function defined on Type II risk
91 — [07 1]
B:pr B((Xy,...,X,) & R) = F,(we retain H)

REMARK 9.5 — Type II error is P(to retain H,, wrongly) o

power of the test: = 1 - Type II error

[[:rce — B((X,),...X,) €R)
Choice: the 2 errors cannot be minimized simultaneously. In general, o increases when g
decreases.

Test: We choose to control the Type 1 error (= the Type II error is generally unknown)

9.4 CONSTRUCTION OF A TEST

Principle: determine & such that the type I error < « (if we have multiple tests, we will choose
(from a theoretical point of view) the one whose type II error is the smallest (or whose power
is the greatest)). Based on an asymmetry between H, and H; in the construction.

EXAMPLE 9.6 — Hy : p < 0.2 versus H; : p > 0.2 (z =0.22)

e p is unknown, so we estimate it as p = X
e Idea: under Hy, p takes larger values than under H,

“ R of the form p > c with ¢ such that B,(p > c) < a ? (calculation? limit distribution of
parameter p?)

p—p

p(1—p)

n

p=X—

is approximately distributed as N(0,1)

We want that
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sup P PP >c| <a
peB, p(1—p)
p<0.2 n
L the supremum is reached at p = 0.2
p— 0.2
R=4 (X, X,), =2 s
0.2(1-0.2)
Find ¢ such that P((Xy,...,X,,) € R) .
n——+oo
p — 0.2
Pl 222 S| — aiffe= gnorm;_,
0.2(1-0.2) n—+00
n
f(z)
- N(07 1)
-4 -3 -2 -1 0 1 2 3 4272

e rejection of Hy iff
p—0.2

- /0.2(1-0.2)

—
statstique
de test

> qnormy_,

Numerical Application: o = 5%, qnorm,_, = 1.645, n =100, p =T = 0.22
L

T—0.2 0.02 0.2 02 1
= = = = —=—-<1.645
\/0.2(1—0.2) \/0.2(1—0.2) v02-08 04 2
100 100
Conclusion: we retain H, (the associated risk is unknown)
0.2(1—0.2)

jection Hy < T > 0.2 + 1.645
rejection Hy < + 100

< T > 0.266
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Hypothesis Tests (on a parameter)
§10

10.1 TEsT FORMALISM

10.1.1 INTRODUCTION

DEFINITION 10.1 (STATISTICAL TEST) — A hypothesis test is a (measurable) function of the
sample (X, ..., X,,) taking values in {0,1}.

e H, is accepted if p(Xq,...,X,,) =0
e H, is rejected if p(Xq,...,X,,) =1

The domain {(Xy,...,X,,), ¢(Xq,....,X,,) =1} =: R is the rejection region of the test, R¢ is
the acceptance region. We can write: (X4, ..., X)) = 1x(X4, ..., X,,)

Very often, R is constructed from T' = T' (X4, ..., X,,), a test statistic Definition 10.1, itself based
on an estimator 6, of 6, the parameter of interest.

s The question is: how to construct R?

10.1.2 RISKS OF TEST ERROR
Risk of 1*¢ kind.

Generally, we will test

Hy: 0 =a,.¢ against H, : 0 #a
H, : 0 < a against H; : > a (e.g., quality control)

If we consider a partition ©y U ©; = O pace des paramstress ©0 N ©1 = 0, then the hypotheses are:
Hy: 0 € ©, against H,: 6 € ©,

REMARK 10.2 (VOCABULARY) —
o Two-sided test

©, = {a} H, is a simple hypothesis.

O, = O\ {a}, Hy is a two-sided hypothesis
e One-sided test

if ©y =] — 00, a] and ©; =|a,+oo[ H; and H, are one-sided
H, =0 =a against Hy: 0 > a — One-sided test

DEFINITION 10.3 (ERROR OF 1°® KIND) — - the one we want to control
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a:0, — [0,1]
0= B((Xy,..., X,) € R) = Eylp(X)]
= Py, (rejection of H,)
o level a iff
Sup PG((XD '-~7Xn) € ‘%) op &
[dSCH
where for

< pour lois discretes
op = | = pour lois continues exactes
— pour lois asymptotiques

DEFINITION 10.4 (ERROR OF 2"d¢ KIND) —
ﬂ : @1 — [Oa 1]
0 — F((Xy,...,X,) € R°) = Py, (retaining H,)

vrai

DEFINITION 10.5 (POWER FUNCTIONS) —
II:9—10,1]
6 ‘P9(<X1’ "'aXn) € ‘%)

°
\&0;
>
m
@
=
=
>
~
Il

Py(Xy, ey X)) € R) = 1= Py ((Xy, ., X,,) € ) = 1— B(6)

10.2 EXAMPLE
(Xy,...,X,,) are i.i.d. from distribution N (6, 1). Hypotheses to test:
H,: 6<0 versus H, : 6>0

Since E[X,] =: 6 is unknown, we estimate it with § = X.
1. First idea: rejection of Hy if § > 0

®={(X,,..., X,,),0(X,,..., X,,) > 0}

Let 6 <0,
a(0) = B(0>0) = B(X >0)

What is the distribution of X?

X o N () because any linear combination of Gaussian random variables is a Gaussian.
01
exacte

E[X] = E[X,] =9, Var(f) = lvar(X;) = %

T n
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reflex: standardize the normal distribution:

X-—0
a(G)zP(
Va

Where @ is the cumulative distribution function of the N (0, 1)

) P(N(0,1) > —v/b) = 1 — &(—y/f) = (/)

distribution.

¥
i
1
1
1
1

)

—4 —3.2— 24 16 080 08 16 24 32 4 x

1
level = sup ®(v/nb) = ®(0) = = = 50%
6<0 2

Therefore, we have a 1 in 2 chance of being wrong — which is not acceptable!

— we want « to be small: oo = 5%:
e R={0>0} > %={0>c} (c>0)

« value of ¢ = ¢(a) such that supy.ya(f) < a

a(f) = F<o (Y > C) = By<o (XT_f > %)
= P(N(0,1) > v/n(c—0))

Level Condition:

Find ¢ such that

sup P(N(0,1) > Vn(c—10)) = «

0<0 loi

continue
P(N(0,1) > v/ne) = a

< 1—@(\/56)
< @(\/ﬁc) =1—a«a
1
_&-1(1 _ -
S Vne=d11-a)=c, NG gnorm;_,

We constructed a test of level o with

= _ qnorm,_,
R=<4(Xy,..,. X, ), X >——2
{( 15 n)’ > \/ﬁ }
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Numerical application: &« = 5% = gnorm,_,, = 1.645,n = 100 — ¢, = 0.1645

experiment — X°P = realization of X on my data
o if X°» =0.1 < ¢, we do not reject H,
o if X°» =0.3 > ¢, = rejection of H,

10.3 CONSTRUCTION OF A TEST

[y
L]

Define the hypotheses H, and H,

Identify the parameter of interest

2. e Define the form of R; the form of H; = implies the form of ® = {T' > ¢} or {T' < ¢}
e Find a test statistic
e T = normalized version of

6—6
Var (é)

>
|

3. Find the threshold ¢ to obtain a level «
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Tests of a (Gaussian parameter

§11

11.1 Summary of construction ........ ... 47
11.2 P-value .o 47
11.2.1 Generalization (formula for calculating a p-value). ....................... ... 48
11.2.2 Remarks . ..o 48
11.2.3 Decision rule using the p-value ...... ... .. . i i 49

11.1 SUMMARY OF CONSTRUCTION
X =(Xy,...,X,,) i.i.d. with law B,
1. Specify the hypotheses tested:

Hy: 0 <0, against H;: 0 > 0,

2. Test statistic: T'(X): under H, T(X) is computable.

The distribution of T under H,, allows distinguishing between H,, and H;.

O R ={T(X) > c} (under Hy, if the distribution of ... of T' deviates from H,, to the right); if
H:0<0,— R={T(X) < c}, if two-tailed test H; : 0 # 6, —» R ={|T(X)| > ¢} ={T(X) >
¢ or T(X)< —c})

3. Decision rule

« fixed level,
e Level condition:

sup Py (T(X) > ¢) = o (if the distribution of T' under H, is continuous)
<6,

< a (if the distribution of T is discrete)
— (if the distribution of T' is asymptotic)

n—-+0oo
4. Numerical application:

 calculation of the threshold
o calculation of the realization of T = T° = T(X) if x = (x4, ..., 7,,)

is a realization of (X,..., X,,) in our experiment

o if T°% > ¢, then we reject H,, with a risk of being wrong of a.
o if T°% < ¢, we retain H,, with an unknown risk of being wrong unknown (in general)

REMARK 11.1 — The test of Hy: 6 > 0, against H,: 0 < 0 is the same as the test of Hy: 0 =
6y against Hy: 0 < 0y, R ={T < c} o

11.2 P-VALUE

EXAMPLE 11.2 — (X4, ..., X,,) i.i.d. following N(0,1); test Hy: =0, against H;: 6 > 1

n

47



Statistical Inference Course Notes — Yehor KOROTENKO

L T= % \/_é where 0 =X; R={T>c} with the level condition

P, T =a=c, =quorm; , = d~ (1—a):>7€:{\/ﬁé><1>*1(1—a)}
S~N(0,1)

Hy<a>1-

a=5%5%7? 10%? 1%.

Numerically: § = 0.3, n =100, /nf =3, 1 — ®(3) ~ 1073 o

DEeFINITION 11.3 — If (X4, ..., X,,) @.i.d., R = {T(X) > ¢, }. For a realization x = (x4, ..., )
of X = (Xq,...,X,,), we call it the p-value of the test with region R:

pval = inf{a € [0,1],T(X) > ¢, }

= inf{a, H,, is rejected on level o}

p-value (p(X) =14(X)) - significance level, critical probability

EXAMPLE 11.4 —
pval=1— <I><\/ﬁ§°bs)
=1—®(T°™)
=1—P(N(0,1) < T°>)
pval = P| N(0,1) > T°b

——
loide T

=P (T > Tobs>
€R

11.2.1 GENERALIZATION (FORMULA FOR CALCULATING A P-VALUE).

T(X) test statistic
o R={T(X) > c}, then the p-value = Py (T(X) > T°>)
o R={T(X) < c}, then the p-value = Py (T(X) < T°>)
o R={|T(X)| > c}, the p-value = PHO(\T(X)| > [T°%))

11.2.2 REMARKS

REMARK 11.5 — In the example
Py, (IT] > T°%) = Py (T > T or T < —T°%)
= Py, (T > T°%) 4+ P(T < —T°%)
=1—®(T°%) + &(—T°")
by symmetry = 2(1 — ®(T°"))
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the p-value of the two-tailed test is double the p-value of the one-tailed test.
T

o
REMARK 11.6 — If the distribution of T under H, is discrete. o
11.2.3 DECISION RULE USING THE p-VALUE

EXAMPLE 11.7 — 0 = 0, against 6 > 0, T = y/nf ~ N(0,1)
p-value diagram (one-sided) T~ N0, 1) under Ho
Py (T > T°0%)
Py (T > T°P%)
a
S~ R SR
0 conserve Ho Ca=Q1-a rejeter Ho Tobs
Tobs T
o

1. Hy: p = pg versus Hy: o # pg, o = X

7_/-»0 loi exact
T ="— 0 OepfaceStudent(n—l)

u 0

=

H, = R={|T|> c}, what is the decision rule?

bilatére
& calculation of ¢ = ¢, with the level condition = ¢, = qt;_s (n — 1) quantile Student(n — 1)
pvaleur = Py (IT| > |T°%)
(symmetry of Student's law) = 2P (T > |T°*|)

= 2(1 - Fétudent(‘TObsD)
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T

T < —c ! T>C

o If the p-value < a, we reject H- If the p-value > o - we retain H,,
2. Hy: 0% = 02 against H;: 0® #+ o2. Since o2 is unknown, we estimate it:

. é’ﬁ unbiased
o 02 MLE

by the theorem of the estimators’ distribution in the Gaussian model

—~ —\ 2
no? (n—1)S52 Z:L (Xi - X) 9
OST: 02 — 0-2 n - 02 If_};X(nfl)

Rz{T>q1_%X2(n—1) or T<q%X2(n—1)}

Loi x2 — test bilatéral

o densitédeT

C2=(ap C1=qi-ar

We calculate T°: we reject Hy iff T, > ql_%xz or T, < qx%
What is the p-value?

pvaleur = 2P(T > TObS) or 2P(T < TObS)

par convention

p-value < 5%
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