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Introduction
 

§1

1.1 Evaluation

• 0.4 Continuous Assessment +0.6 Exam.

• Breakdown : 80% midterm, 20% Quiz (scheduled for 26/01).

1.2 Statistical Model

Definition 1.1  (Statistical Model) –  A statistical model is a probability space (Ω, 𝒜︀, 𝒫︀) 
where 𝒫︀ is a family of probability distributions {𝑃𝜃; 𝜃 ∈ Θ}.

• If ∃𝑝 ∈ ℕ∗, Θ ⊂ ℝ𝑝 : parametric model.

• Otherwise : non-parametric model.

Example 1.2  (Families of Distributions) –

• Poisson distributions : 𝒫︀ = {𝑃(𝜆); 𝜆 > 0}.
• Regular density : 𝒫︀ = {ℙ; ℙ  whose density admits a bounded second derivative}.

⋄

Definition 1.3  (Observation) –  An observation is a random variable (r.v.) whose distri­

bution belongs to {𝑃𝜃, 𝜃 ∈ Θ}. Our observation will have a structure of 𝑛-samples 𝑋1, …, 𝑋𝑛 

i.i.d. (independent and identically distributed) with a common distribution ∈ {𝑃𝜃, 𝜃 ∈ Θ}.

Remark 1.4 – (𝑋1, …, 𝑋𝑛) has distribution 𝑃⊗𝑛
𝜃 . The sample contains all information about 

𝑃𝜃, thus about 𝜃. ⋄

Definition 1.5  (Identifiability) –  A model is identifiable if and only if (iff) the mapping 

𝜃 ↦ 𝑃𝜃 is injective.

1.3 Estimators

Hypothesis : We observe 𝑋1, …, 𝑋𝑛 i.i.d. from a common distribution ∈ {𝑃𝜃, 𝜃 ∈ Θ ⊂ ℝ𝑝} 

(identifiable parametric model). Let 𝜃∗ be the true unknown value such that 𝑃𝑋𝑖
= 𝑃𝜃∗ .

Definition 1.6  (Estimator) –  An estimator of 𝜃 is a measurable function of the sample 

(𝑋1, …, 𝑋𝑛) and independent of 𝜃 (computable from the data).

Notation : 𝜃 = 𝜃𝑛 = ℎ(𝑋1, …, 𝑋𝑛). It is a random variable.

Examples : 𝜃 = 𝑋, 𝜃 = 𝑋1 − 𝑋3, etc.

Fundamental Questions :

1. How to define a good estimator ?

2. How to construct a good estimator ?

3
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1.4 Quadratic Risk

Idea : On average, 𝜃 should be close to 𝜃. We look at 𝔼[𝜃 − 𝜃].

Definition 1.7  (Bias) –  The bias of 𝜃 is defined by :

𝐵(𝜃, 𝜃) = 𝔼[𝜃] − 𝜃

We say that 𝜃 is unbiased if 𝐵(𝜃, 𝜃) = 0.

Definition 1.8  (Quadratic Risk / MSE) – 

𝑅(𝜃, 𝜃) = 𝔼[(𝜃 − 𝜃)
2
]

This is the Mean Squared Error (MSE) in English.

We say that 𝜃1 is better than 𝜃2 if and only if 𝑅(𝜃1, 𝜃) ≤ 𝑅(𝜃2, 𝜃).

1.4.1 Example : Poisson Model

Let 𝑋1, …, 𝑋𝑛 be distributed according to a 𝑃𝜃 Poisson law, with 𝜃 > 0. We seek an estimator 

for 𝜃 = 𝔼[𝑋𝑖].

Let’s propose : 𝜃 = 𝑋 = 1
𝑛 ∑𝑛

𝑖=1 𝑋𝑖.

Bias Calculation :

𝐵(𝜃, 𝜃) = 𝔼[1
𝑛

∑
𝑛

𝑖=1
𝑋𝑖] − 𝜃

= 1
𝑛

∑
𝑛

𝑖=1
𝔼[𝑋𝑖] − 𝜃 (by linearity)

= 1
𝑛

⋅ 𝑛 ⋅ 𝔼[𝑋1] − 𝜃

= 𝜃 − 𝜃 = 0

Thus 𝔼[𝑋] = 𝜃, is the unbiased estimator.

Risk Calculation :

𝑅(𝜃, 𝜃) = 𝔼[(𝑋 − 𝜃)
2
] = 𝔼[(𝑋 − 𝔼[𝑋])

2
]

= Var(𝑋) = Var(1
𝑛

∑ 𝑋𝑖)

= 1
𝑛2 ∑ Var(𝑋𝑖) (because i.i.d)

= 1
𝑛2 ⋅ 𝑛 ⋅ Var(𝑋1) = Var(𝑋1)

𝑛
= 𝜃

𝑛

Theorem 1.9  (Bias-Variance Decomposition of Risk) – 

𝑅(𝜃, 𝜃) = (𝐵(𝜃, 𝜃))
2

+ Var(𝜃)

Proof.

4
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𝑅(𝜃, 𝜃) = 𝔼[(𝜃 − 𝜃)
2
]

= 𝔼[(𝜃 − 𝔼[𝜃] + 𝔼[𝜃] − 𝜃)
2
]

= 𝔼[(𝜃 − 𝔼[𝜃])
2
] + 𝔼[(𝔼[𝜃] − 𝜃)

2
] + 2𝔼[(𝜃 − 𝔼[𝜃])(𝔼[𝜃] − 𝜃)]

= Var(𝜃) + (𝐵(𝜃, 𝜃))
2

+ 2(𝔼[𝜃] − 𝜃)𝔼[𝜃 − 𝔼[𝜃]]⏟
0

= Var(𝜃) + 𝐵(𝜃, 𝜃)
2

□

1.5 Consistency

Asymptotic property. We only consider consistent estimators.

Definition 1.10  (Consistency) –  Let (𝑋1, …, 𝑋𝑛) be i.i.d. from distribution 𝑃𝜃. Let 𝜃𝑛 =
ℎ(𝑋1, …, 𝑋𝑛). 𝜃𝑛 is a consistent (or convergent) estimator of 𝜃 if and only if :

𝜃𝑛 ⟶
ℙ

𝑛→+∞
𝜃

Remark 1.11 – 𝜃𝑛 is strongly consistent if and only if 𝜃𝑛 ⟶
p.s.

𝑛→+∞
𝜃. ⋄

1.5.1 Example : Revisiting the Poisson model

Θ = ℝ∗
+, 𝜃𝑛 = 𝑋.

• We can invoke the Law of Large Numbers (LLN) : 𝑋 ⟶
ℙ

𝔼[𝑋𝑖] = 𝜃.
• Via the quadratic risk :

𝑅(𝜃𝑛, 𝜃) = Var(𝑋) = 𝜃
𝑛

⟶
𝑛→+∞

0

According to Bienaymé-Chebyshev’s inequality :

𝑃(|𝜃𝑛 − 𝜃| > 𝜀) ≤
𝔼[(𝜃𝑛 − 𝜃)

2
]

𝜀2 =
𝑅(𝜃𝑛, 𝜃)

𝜀2 → 0

1.5.2 “Plug-in” Method

Let (𝑋1, …, 𝑋𝑛) be i.i.d. Poisson(𝜃). We want to estimate 𝛽 = 𝑃(𝑋𝑖 = 0) = 𝑒−𝜃.

𝛽 = 𝑒−𝜃 = 𝑒−𝑋

𝛽 is consistent for estimating 𝛽.

Lemma 1.12  (Continuous Mapping Lemma) – If 𝑍𝑛 ⟶
ℙ

𝑍, then ℎ(𝑍𝑛) ⟶
ℙ

ℎ(𝑍) for any 

continuous function ℎ. ⋄
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Estimators
 

§2

2.1 Parametric Framework

2.1.1 Parametric statistical model

We have an observation (𝑋1, …, 𝑋𝑛), an i.i.d random variable sample (independent, identically 

distributed) with common distribution 𝑃  belonging to a parameterized family of probability 

distributions {𝑃𝜃,𝜃∈Θ⊂ℝ𝑝}.

Remark 2.1 – If Θ ⊂ infinite-dimensional space → non-parametric model. ⋄

Estimating 𝑃  is estimating 𝜃 ∈ ℝ𝑝.

Example 2.2 – Bernoulli (𝜃), Exp (𝜃), 𝒩︀(𝜇, 𝜎2), density distribution 𝑓𝜃(𝑥) = 𝜃𝑥𝜃−11𝑥∈[0,1]⋄

Notation 2.3 – 𝐸𝜃𝑛
[ℎ(𝑋1, …, 𝑋𝑛)], Θ[ℎ(𝑋1, …, 𝑋𝑛)]

Distribution of (𝑋1, …, 𝑋𝑛) → 𝑃⊗𝑛
𝜃 ⋄

Definition 2.4  (Estimateur) – 

𝜃 = 𝜃𝑛 = ℎ(𝑋1, …, 𝑋𝑛)

Definition 2.5  (Qualité) – 

• Risque

𝑅(𝜃, 𝜃) = 𝐸𝜃[(𝜃 − 𝜃)
2
]

• Consistance

𝜃𝑛 →
𝑃

𝑛→+∞
𝜃

Definition 2.6  (Modèle identifiable) – 

𝜃 → 𝑃𝜃 injective

2.2 Method of moments

Definition 2.7 –  The theoretical moment of the distribution of 𝑋𝑖 of order 𝑘 is called:

𝜇𝑘 = 𝐸[𝑋𝑘
𝑖 ], 𝑘 ≥ 1

Definition 2.8 –  The empirical moment of the distribution of 𝑋𝑖 of order 𝑘 is called:

6
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𝜇̂𝑘 = 1
𝑛

∑
𝑛

𝑖=1
𝑋𝑘

𝑖

By the law of large numbers 𝜇̂𝑘 ⟶
𝑃

𝑛→+∞
𝜇𝑘.

The method of moments: if we can write 𝜃 or 𝑔(𝜃) , the parameter of interest, as a function 

of the 𝑘 first theoretical moments.

𝜃 = ℒ︀(𝜇1, …, 𝜇𝑘)

then the estimator

𝜃 = ℒ︀(𝜇̂1, …, 𝜇𝑘)

is obtained by the method.

Example 2.9  (Calculations of estimators using the method of moments) –

• 𝑋𝑖 ∼ Bernoulli(𝜃) with values 0-1,

𝜃 = 𝑃(𝑋𝑖 = 1) = 𝐸[𝑋𝑖] → 1
𝑛

∑
𝑛

𝑖=1
𝑋𝑖 = 𝑋

• 𝑋𝑖 ∼ Exp(𝜃),, 𝑓𝜃(𝑥) = 𝜃𝑒−𝜃𝑥1𝑥≥0, 𝐸[𝑋] = 1
𝜃 ⟺ 𝜃 = 1

𝜇1
, by the method of moments,

𝜃 = 1
𝜇̂1

= 1
𝑋

Θ(𝑋𝑖) = 1
𝜃2 ⟺ 𝜃2 = 1

𝐸[𝑋2
𝑖 ] − 𝐸[𝑋𝑖]

2

⟺ 𝜃 = 1
√𝜇2 − 𝜇2

1

⟹ 𝜃2 = 1

√ 1
𝑛 ∑𝑛

𝑖=1 𝑋2
𝑖 − (𝑋)

2

• 𝑋1, …, 𝑋𝑛 i.i.d. from the distribution 𝑃𝜃 with density

𝑓𝜃(𝑥) = 𝜃𝑥𝜃−11𝑥∈[0,1]

𝐸𝜃[𝑋𝑖] = 𝜃 ∫
1

0
𝑥𝜃 d𝑥 = 𝜃

𝜃 + 1

Method of moments:

(𝜃 + 1)𝜇1 = 𝜃 ⟺ 𝜃(1 − 𝜇1) = 𝜇1 ⟺ 𝜃 = 𝐸[𝑋𝑖]
1 − 𝐸[𝑋𝑖]

⟹ 𝜃𝕄 = 𝑋
1 − 𝑋

,, 𝑃𝜃(𝑋 = 1) = 𝑃𝜃(𝑋1 = 𝑋2 = … = 𝑋𝑛 = 1) = 0

⋄

7
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2.3 Rendered on the C.A.L.

(C.A.L. = Continuous Applications Lemma) (𝑋𝑛)𝑛≥1 sequence of random variables. If 𝑋𝑛 

converges to 𝑋, what can be said about 𝑔(𝑋𝑛)𝑛≥1? If 𝑔 is continuous, C.A.L. applies.

• if 𝑋𝑛 ⟶
𝑃

𝑋 then 𝑔(𝑋𝑛) ⟶
𝑃

𝑔(𝑋)
• if 𝑋𝑛 ⟶

ℒ︀
𝑋 then 𝑔(𝑋𝑛) ⟶

ℒ︀
𝑔(𝑋)

Remark 2.10  (Sufficient condition) –

𝐷𝑔 = {points of discontinuity of 𝑔}

if 𝑃(𝑋 ∈ 𝐷𝑔) = 0, the C.A.L. holds true. ⋄

Example 2.11 –

𝑔(𝑥) = 𝑥
1 − 𝑥

• LLN: 𝑋 ⟶
𝑃

𝐸[𝑋]
• C.A.L.: 𝑔(𝑋) = 𝜃𝑛 ⟶

𝑃

𝑛→+∞
𝑔(𝐸[𝑋]) = 𝜃

⋄

C.A.L. for pairs of sequences of random variables:

• if (𝑋𝑛, 𝑌𝑛) ⟶
𝑃

(𝑋, 𝑌 ), then 𝑔(𝑋𝑛, 𝑌𝑛) ⟶
𝑃

𝑔(𝑋, 𝑌 ), if 𝑔 : ℝ2 → ℝ or ℝ2 is continuous

• if (𝑋𝑛, 𝑌𝑛) ⟶
ℒ︀

(𝑋, 𝑌 ), then 𝑔(𝑋𝑛, 𝑌𝑛) ⟶
ℒ︀

𝑔(𝑋, 𝑌 )

Example 2.12 –

𝜃2 = 1

√ 1
𝑛 ∑𝑛

𝑖=1 𝑋2
𝑖 − (𝑋)

2
consistent?

LLN:

• 𝑋 ⟶
𝑃

𝜇1
• 1

𝑛 ∑𝑛
𝑖=1 𝑋2

𝑖 ⟶
𝑃

𝜇2

therefore

( 𝑋
1
𝑛 ∑𝑛

𝑖=1 𝑋2
𝑖
) ⟶

𝑃
(𝜇1

𝜇2
)

𝑔(𝑥, 𝑦) = 1
√𝑦−𝑥2 ⟹ 𝜃𝕄 consistent for 𝜃, 𝑔 is continuous except at {(𝑥, 𝑦) ∈ ℝ2, 𝑦 = 𝑥2} of 

measure zero.

But this is false for convergence in distribution. ⋄

Proposition 2.13  (Convergence of pairs) – 

(𝑋𝑛
𝑌𝑛

) ⟶
𝑃

(𝑋
𝑌 )  iff 

{

𝑋𝑛 ⟶

𝑃
𝑋

𝑌𝑛 ⟶
𝑃

𝑌

Proof.

8



Statistical Inference Course Notes — Yehor KOROTENKO

• ⟹ then C.A.L. 𝑔(𝑥, 𝑦) = 𝑥 is continuous, so 𝑋𝑛 → 𝑋 and 𝑌𝑛 → 𝑌
• ⟸ convergence of the pair?

∀𝜀 > 0, 𝑃 (|𝑋𝑛 − 𝑋| + |𝑌𝑛 − 𝑌 | > 𝜀) ≤ 𝑃(|𝑋𝑛 − 𝑋| > 𝜀
2
)

⏟
→0

+ 𝑃(|𝑌𝑛 − 𝑌 | > 𝜀
2
)

⏟
→0

This converse is false for convergence in distribution!

□

2.3.1 Empirical Variance

If the 𝑋𝑖 have an expectation 𝜇 and a variance 𝜎2, we call the empirical variance

𝜎̂2
𝑛 = 1

𝑛
∑

𝑛

𝑖=1
(𝑋𝑖 − 𝑋)

2
= 1

𝑛
∑

𝑛

𝑖=1
𝑋2

𝑖 + 1
𝑛

∑
𝑛

𝑖=1
𝑋2 − 2

𝑛
∑

𝑛

𝑖=1
𝑋𝑖𝑋

= 1
𝑛

∑
𝑛

𝑖=1
𝑋2

𝑖 + 𝑋2 − 2𝑋𝑋 = 𝜎̃2

the moments estimator:

𝜎2 = 𝐸[𝑋2
𝑖 ] − 𝐸[𝑋𝑖]

2

We replace theoretical moments with empirical moments

→ 𝜎2𝕄 = 1
𝑛

∑
𝑛

𝑖=1
𝑋2

𝑖 − (𝑋)
2

Consistency: 𝜎̂2 = 1
𝑛 ∑𝑛

𝑖=1 𝑋2
𝑖 − (𝑋)

2
,

{

𝑋 ⟶

𝑃
𝐸[𝑋]

1
𝑛 ∑𝑛

𝑖=1 𝑋2
𝑖 ⟶

𝑃
𝐸[𝑋2]

⟶
cv en proba

( 𝑋
1
𝑛 ∑𝑛

𝑖=1 𝑋2
𝑖
) ⟶

LAC
𝜎̂2  which is consistent with Var(𝑋) = 𝐸[𝑋2] − 𝐸[𝑋]2

Example 2.14 –

• calculate the bias of 𝜎̂2
𝑛

• calculate the risk of 𝜎̂2
𝑛

⋄

2.4 Maximum likelihood method

2.4.1 Given model

(𝑃𝜃)𝜃∈Θ is given if there exists a measure 𝜇 (positive 𝜎 -defined → 𝑋𝑖 with values in 𝐸, 𝐸 = ∪
𝐸𝑛 with 𝜇(𝐸𝑛) finite) such that ∀𝜃, 𝑃𝜃 admits a density with respect to 𝜇.

2.4.2 In practice

• either 𝐸 is at most countable: 𝜇 = counting measure. If ∃, {𝑎1, 𝑎2, …} s.t. ∑𝑘≥1 𝑃𝜃(𝑋𝑖 =
𝑎𝑘) = 1, then 𝜇 = ∑𝑘≥1 𝛿𝑎𝑘

 with 𝛿𝑎({𝑎}) = 1 Dirac measure.

Example 2.15 – Bernoulli (𝜃), 𝑋𝑖 = 1, probabilities 𝜃 → 𝜇 = 𝛿0 + 𝛿1 We will write

9
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𝑓𝜃(𝑥) = 𝑃𝜃({𝑥})⏟
=1−𝜃

− 𝑃𝜃(𝑋𝑖 = 𝑥)  with 𝑥 ∈ {𝑎1, 𝑎2, …}

⋄

• or 𝐸 = ℝ𝑝, then 𝑓𝜃 is the usual density

𝑓𝜃 density of 𝑃𝜃

Definition 2.16 –  We call the likelihood of the sample (𝑋1, …, 𝑋𝑛) the function

𝜃 → 𝐿𝑛(𝜃) = ∏
𝑛

𝑖=1
𝑓𝜃(𝑋𝑖)  (random variable)

Definition 2.17 –  A maximum likelihood estimator 𝜃𝑀𝑉  is defined by:

∀𝜃 ∈ Θ, 𝐿𝑛(𝜃) ≤ 𝐿𝑛(𝜃)

We often work with the log-likelihood

log 𝐿𝑛(𝜃) = ∑
𝑛

𝑖=1
ln 𝑓𝜃(𝑋𝑖)  sum of random variables

log 𝐿𝑛(𝜃) = sup
𝜃∈Θ

log 𝐿𝑛(𝜃)

Remark 2.18 – 𝜃 is a random variable

𝜃1 𝜃2

𝜃3

𝑥

𝑓𝜃(𝑥)

⋄

fdsa

Example 2.19 –

• Bernoulli(𝜃), 𝑓𝜃(𝑥) = 𝜃𝑥(1 − 𝜃)1−𝑥, 𝑋𝑖 taking values 0-1

10
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𝐿𝑛(𝜃) = ∏
𝑛

𝑖=1
𝜃𝑋𝑖(1 − 𝜃)1−𝑋𝑖 = 𝜃∑𝑛

𝑖=1 𝑋𝑖(1 − 𝜃)𝑛− ∑𝑛
𝑖=1 𝑋𝑖

log 𝐿𝑛(𝜃) = (∑
𝑛

𝑖=1
𝑋𝑖) ln 𝜃 + (𝑛 − ∑

𝑛

𝑖=1
𝑋𝑖) ln(1 − 𝜃)

(log 𝐿𝑛)′(𝜃) =
∑𝑛

𝑖=1 𝑋𝑖

𝜃
−

𝑛 − ∑𝑛
𝑖=1 𝑋𝑖

1 − 𝜃
=

∑𝑛
𝑖=1 𝑋𝑖 − 𝑛𝜃
𝜃(1 − 𝜃)

(𝑋 − 𝜃)

Likelihood equation:

(log 𝐿𝑛)′(𝜃) = 0 ⟺ (1 − 𝜃) ∑
𝑛

𝑖=1
𝑋𝑖 = (𝑛 − ∑

𝑛

𝑖=1
𝑋𝑖)𝜃

⟺ ∑
𝑛

𝑖=1
𝑋𝑖 = 𝑛𝜃 ⟹ 𝜃 =

∑𝑛
𝑖=1 𝑋𝑖

𝑛

Is the critical point a maximum?

� The derivative changes sign at 𝑋 → we indeed have a maximum → 𝜃𝑀𝑉 = 𝑋
� Second-order condition, if (log 𝐿𝑛)″(𝜃) < 0 for all 𝜃 ⟹ log 𝐿𝑛 is concave ⟹ global 

maximum

(log 𝐿𝑛)″(𝜃) = −
∑𝑛

𝑖=1 𝑋𝑖

𝜃2 −
𝑛 − ∑𝑛

𝑖=1 𝑋𝑖

(1 − 𝜃)2 < 0,, ∀𝜃

⋄

11
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Fisher Information, efficiency
 

§3

Let (𝑃𝜃)𝜃∈Θ, Θ ⊂ ℝ𝑝 (identifiable, given). Let 𝑓𝜃 be the density of 𝑃𝜃

Supp 𝑓𝜃 = {𝑥 ∈ 𝐸,, 𝑓𝜃(𝑥) > 0}

Given (𝑋1, …, 𝑋𝑛), i.i.d. from distribution 𝑃𝜃 and 𝜃 ↦ 𝐿(𝜃) = ∏𝑛
𝑖=1 𝑓𝜃(𝑋𝑖) as the likelihood of 

the sample. On Supp 𝑓𝜃 we can calculate

log 𝐿𝑛(𝜃) = ∑
𝑛

𝑖=1
log 𝑓𝜃(𝑋𝑖)

𝜃 = argmax𝜃∈Θ log 𝐿𝑛(𝜃)

Proposition 3.1 –  If 𝜃 MLE1 for 𝜃, 𝑔(𝜃) is an MLE for 𝑔(𝜃)

Objective: what “better” estimator can we have? ⟶ regular model

3.1 Regular Model

Definition 3.2 –  The model (𝑃𝜃)𝜃∈Θ is said to be regular if

1. Θ is an open set and 𝜃 ↦ 𝑓𝜃(𝑥) is 𝐶1

2. Supp 𝑓𝜃 does not depend on 𝜃: 𝑆 = {𝑥, 𝑓𝜃(𝑥) > 0}
3. For all 𝜃, the mapping

𝑥 ↦
𝜕𝑓𝜃
𝜕𝜃 (𝑥)
𝑓𝜃(𝑥)

𝟙𝑓𝜃(𝑥)>0

is integrable (𝐿, 𝜇) and the integral

𝐼(𝜃) = ∫
𝑆

𝜕𝑓𝜃
𝜕𝜃 (𝑥)
𝑓𝜃(𝑥)

𝟙𝑓𝜃(𝑥)>0𝑑𝑥

is continuous on Θ.

Notation 3.3 – We denote the derivative of 𝑓𝜃(𝑥) with respect to 𝜃: 𝜕𝑓𝜃
𝜕𝜃 (𝑥) The quantity 𝐼(𝜃) 

is called the Fisher Information of the model. ⋄

Example 3.4 –

• 𝑓𝜃(𝑥) = 𝜃𝑒−𝑥𝜃 density with respect to 𝜇(𝑑𝑥) = 𝟙𝑥≥0𝑑𝑥

𝜃 ↦ 𝜃𝑒−𝑥𝜃 is 𝐶∞ on Θ =]0, +∞[, Supp 𝑓𝜃 = ℝ+

𝜕𝑓𝜃
𝜕𝜃

(𝑥) = (1 − 𝑥𝜃)𝑒−𝑥𝜃

1MLE = Maximum Likelihood Estimator

12
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(1 − 𝑥𝜃)2(𝑒−𝑥𝜃)2

𝜃𝑒−𝑥𝜃 = (1 − 𝑥𝜃)2

𝜃
𝑒−𝑥𝜃

𝐼(𝜃) = ∫
∞

𝜃

(1 − 𝑥𝜃)2

𝜃2 𝜃𝑒−𝑥𝜃𝑑𝑥

= 1
𝜃2 𝐸𝜃(1 − 𝑋𝜃)2

= 1
𝜃2 [1 − 2𝜃𝐸(𝑋) + 𝜃2𝐸(𝑋2)] = 1

𝜃2

continuous on ]0, +∞[

⋄

Example 3.5 – Bernoulli(𝜃), 𝑥 = 0.1, 𝑓𝜃(0) = 1 − 𝜃, 𝑓𝜃(1) = 𝜃, density with respect to 𝛿0 + 𝛿1

For all 𝑥 ∈ {0, 1}, 𝜃 ↦ 𝑓𝜃(𝑥) is 𝐶1

(𝜕𝑓𝜃(0)
𝜕𝜃 )

2

𝑓𝜃(0)
= 1

1 − 𝜃

(𝜕𝑓𝜃(1)
𝜕𝜃 )

2

𝑓𝜃(1)
= 1

𝜃
⇒ 𝐼(𝜃) = 1

1 − 𝜃
+ 1

𝜃
= 1

𝜃(1 − 𝜃)

continuous on ]0, 1[

⋄

Example 3.6 – 𝑓𝜃(𝑥) = 1
𝜃𝟙[0,𝜃](𝑥) = 1

𝜃𝟙[𝑥,+∞[(𝜃) non-regular model ⋄

3.2 Score and Fisher Information

(𝑋1, …, 𝑋𝑛) i.i.d. following the law of 𝑃𝜃, 𝑓𝜃

Definition 3.7 –  We call score or score vector the derivative of the log-likelihood 
𝜕
𝜕𝜃 log 𝐿𝑛(𝜃) = 𝑆𝑛(𝜃) = ∑𝑛

𝑖=1
𝜕
𝜕𝜃 log 𝑓𝜃(𝑋𝑖)

Example 3.8 – 𝑋𝑖 ∼ ℰ︀(𝜃), 𝐿𝑛(𝜃) = 𝜃𝑛𝑒−𝜃 ∑𝑖 𝑋𝑖 , log 𝐿𝑛(𝜃) = 𝑛 log 𝜃 − 𝜃 ∑𝑖 𝑋𝑖, hence 𝑆 −
𝑛(𝜃) = 𝑛

𝜃 − ∑𝑛
𝑖=1 𝑋 − 𝑖 ⋄

Remark 3.9 –

𝐸(𝑆𝑛(𝜃)) = 𝐸[𝑛(1
𝜃

− ∑ 𝑋𝑖
𝑛

)]

⋄

Supplementary regularity hypothesis: (𝐻) for any estimator ℎ(𝑋) and any 𝜃, the following 

integrals exist and are equal:

13
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𝜕
𝜕𝜃

∫
𝑆

ℎ(𝑥)𝑓𝜃(𝑥)𝑑𝑥 = ∫
𝑆

ℎ(𝑥)𝜕𝑓𝜃
𝜕𝜃

(𝑥)𝑑𝑥

Remark 3.10 – condition for applying Lebesgue’s differentiation theorem.

ℎ sup
𝜃∈𝑉𝜃

|𝜕𝑓𝜃
𝜕𝜃

(𝑥)| ∈ 𝐿1(𝜇)

⋄

Proposition 3.11 –  Under (𝐻), the score is centered (𝑃𝜃), 𝑛 = 1

𝐸𝜃[
𝜕
𝜕𝜃

log 𝐿1(𝜃)] = ∫
𝑆

𝜕
𝜕𝜃

log 𝑓𝜃(𝑥)𝑑𝑥 = ∫
𝑆

𝜕
𝜕𝜃𝑓𝜃(𝑥)

𝑓𝜃(𝑥)
𝑓𝜃(𝑥)𝑑𝑥 = ∫

𝑆

𝜕𝑓𝜃
𝜕𝜃

(𝑥)𝑑𝑥 =⏟
(𝐻)

𝜕
𝜕𝜃

=1
⎴
∫ 𝑓𝜃(𝑥)𝑑𝑥 = 0

Definition 3.12 –  The Fisher information associated with (𝑋1, …, 𝑋𝑛)

𝐼𝑛(𝜃) =⏟
def

𝐸𝜃[( 𝜕
𝜕𝜃

log 𝐿𝑛(𝜃))
2

]
cor. de la prop 1

⏞= = Var𝜃[
𝜕 log 𝐿𝑛(𝜃)

𝜕𝜃
]

(∗)𝐸𝜃[
𝜕
𝜕𝜃

log 𝑓𝜃(𝑋1)]
2

= ∫
𝑆

(
𝜕
𝜕𝜃𝑓𝜃(𝑥)
𝑓𝜃(𝑥)

)
2

𝑓𝜃(𝑥)𝑑𝑥 = ∫
𝑆

( 𝜕
𝜕𝜃𝑓𝜃(𝑥))2

𝑓𝜃(𝑥)
= "expression from definition 1"

Example 3.13 – (𝑋1, …, 𝑋𝑛) ∼ ℰ︀(𝜃), 𝜕
𝜕𝜃 log 𝐿𝑛(𝜃) = 𝑛

𝜃 − ∑𝑛
𝑖=1 𝑋𝑖

𝐼𝑛(𝜃) = 𝐸((𝑛
𝜃

− ∑ 𝑋𝑖)
2
) = 𝑛2𝐸[(1

𝜃
− ∑ 𝑋𝑖

𝑛
)

2

] = 𝑛2 Var(𝑋) = 𝑛2 1
𝑛

1
𝜃2 = 𝑛

𝜃2

⋄

Proposition 3.14 – 

𝐼𝑛(𝜃) = 𝑛𝐼(𝜃)

indeed,

𝐼𝑛(𝜃) = Var( 𝜕
𝜕𝜃

log 𝐿𝑛(𝜃)) = Var(∑
𝑛

𝑖=1

𝜕
𝜕𝜃

log 𝑓𝜃(𝑋𝑖)) =⏟
independance

= ∑
𝑛

𝑖=1
Var( 𝜕

𝜕𝜃
log 𝑓𝜃(𝑋𝑖)) =

= 𝑛Var( 𝜕
𝜕𝜃

log 𝑓𝜃(𝑋1))
⏟

= 𝑛𝐼(𝜃)

Example 3.15 – (𝑋1, …, 𝑋𝑛) i.i.d 𝒫︀(𝜃), 𝑓𝜃(𝑥) = 𝑒−𝜃 𝜃𝑥

𝑥!

log 𝐿𝑛(𝜃) = −𝑛𝜃 + (∑ 𝑋𝑖) log 𝜃 − log ∏
𝑛

𝑖=1
𝑋𝑖!

14
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𝜕
𝜕𝜃

log 𝐿𝑛(𝜃) = −𝑛 + ∑ 𝑋𝑖
𝜃

⇒ 𝐼𝑛(𝜃) = Var(∑ 𝑋𝑖
𝜃

) = 1
𝜃2 𝑛𝜃 = 𝑛

𝜃

⋄

3.3 Fisher Information and Second Derivative

Proposition 3.16 –  Adding that 𝜃 ↦ 𝑓𝜃(𝑥) is 𝐶2 and that (𝐻) holds for 𝜃2

𝜕𝜃2 , then Fisher’s 

information can also be written as

𝐼𝑛(𝜃) = −𝐸𝜃[
𝜕2 log 𝐿𝑛(𝜃)

𝜕𝜃2 ]

if 𝜃 is MLE, 𝐼𝑛(𝜃) > 0

𝑛 = 1

𝜕2

𝜕𝜃2 log 𝑓𝜃(𝑥) =
(𝜕2𝑓𝜃(𝑥)

𝜕𝜃2 )
2

𝑓𝜃(𝑥) −
(𝜕𝑓𝜃

𝜕𝜃 (𝑥))
2

𝑓2
𝜃 (𝑥)

𝐸[ 𝜕2

𝜕𝜃2 log 𝑓𝜃(𝑋1)] = ∫
𝑆

𝜕2𝑓𝜃(𝑥)
𝜕𝜃2

𝑓𝜃(𝑥)
𝑓𝜃(𝑥)𝑑𝑥 − ∫

𝑆

(𝜕𝑓𝜃(𝑥)
𝜕 𝜃)

2

𝑓2
𝜃 (𝑥)

𝑑𝑥
⏟

𝐼(𝜃)

log 𝐿(𝜃)

𝜃 𝜃

If the curve is very “peaked” at the MLE (i.e., Fisher information is large), then the MLE is 

precisely localized.

3.4 Cramer-Rao Inequality

Let 𝑔(𝜃) be the parameter of interest where 𝑔 : Θ → ℝ

Proposition 3.17 –  Under the assumptions of a regular model, if for all 𝜃, 𝐼(𝜃) > 0, then 

for any sans biais estimator 𝑇 = 𝑇(𝑋1, …, 𝑋𝑛), 𝐸𝜃𝑇 2 < +∞, we have

15
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∀𝜃 ∈ Θ, Var𝜃(𝑇 ) ≥
(𝑔′(𝜃)2)
𝐼𝑛(𝜃)⎵

= (𝑔′(𝜃))2

𝑛𝐼(𝜃)

Proof.

∀𝜃 𝐸𝜃(𝑇) = 𝑔(𝜃)

⇒ 𝜕
𝜕𝜃

𝐸𝜃(𝑇 ) = 𝑔′(𝜃)

𝑇=𝑇(𝑋1) ⇔ 𝜕
𝜕𝜃

∫
𝑆

𝑇 (𝑥)𝑓𝜃(𝑥)𝑑𝑥 = 𝑔′(𝜃)

(𝐻) ⇔ ∫
𝑆

𝑇 (𝑥)
𝜕
𝜕𝜃𝑓𝜃(𝑥)
𝑓𝜃(𝑥)

𝑓𝜃(𝑥)𝑑𝑥 = 𝑔′(𝜃)

⇔ ∫
𝑆
(𝑇 (𝑥) − 𝑔(𝜃))

𝜕
𝜕𝜃𝑓𝜃(𝑥)
𝑓𝜃(𝑥)

𝑓𝜃(𝑥)𝑑𝑥 = 𝑔′(𝜃)

□

Cauchy-Schwarz Inequality for ⟨ℎ1, ℎ2⟩ = ∫ ℎ1(𝑥)ℎ2(𝑥)𝑓𝜃(𝑥)𝑑𝑥 with ℎ1(𝑋) and ℎ2(𝑋) centered

(⟨𝑇(𝑋) − 𝑔(𝜃),
𝜕
𝜕𝜃𝑓𝜃(𝑥)
𝑓𝜃(𝑥)

⟩𝜃)
2

= (𝑔′(𝜃))2 =⏟
c.s

∫ (𝑇(𝑥) − 𝑔(𝜃))2𝑓𝜃(𝑥)𝑑𝑥
⏟

= Var𝜃(𝑇 )

× ∫ (
𝜕
𝜕𝜃𝑓𝜃(𝑥)
𝑓𝜃(𝑥)

)
2

𝑓𝜃(𝑥)𝑑𝑥
⏟

=𝐼(𝜃)

Definition 3.18 –  If 𝑇  attains the equality, then 𝑇  is called efficient.

16
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Asymptotic study of estimators
 

§4

In a regular parametric model, if 𝜃𝑛 is an estimator of 𝜃, then

Var(𝜃𝑛) ≥ 1
𝐼𝑛(𝜃)

= 1
𝑛𝐼(𝜃)

if Var(𝜃𝑛) = 1
𝑛𝐼(𝜃)  and it is unbiased, 𝜃𝑛 is efficient efficient

Asymptotic: 𝑛 → +∞,

𝑛 Var(𝜃𝑛) ⟶
𝑛→+∞

1
𝐼(𝜃)

4.1 Convergences

(𝑋𝑛)𝑛≥0 sequence of real random variables (ℝ𝑑)

•

• convergence in distribution: 𝑋𝑛 ⟶
ℒ︀

𝑛→+∞
𝑋 iff 𝑃(𝑋𝑛 ≤ 𝑥) ⟶ 𝑃(𝑋 ≤ 𝑥) at every continuity 

point of 𝑥.

Lemma 4.1  (lemme de Portmanteau) – Equivalent characterizations:

• For any bounded continuous function ℎ,

𝐸[ℎ(𝑋𝑛)] ⟶ 𝐸[ℎ(𝑋)]

⇒ convergence in distribution is stable under continuous mappings (CMT) MAIS it is 

generally faux that if 𝑋𝑛 ⟶
ℒ︀

𝑋 and 𝑌𝑛 ⟶
ℒ︀

𝑌  then (𝑋𝑛
𝑌𝑛

) ⟶
ℒ︀

(𝑋
𝑌 )

This is true in 3 cases:

1.
si {∀𝑛, 𝑋𝑛  et 𝑌𝑛  sont indépendantes

𝑋  et 𝑌  sont indépendantes  alors 
{

 convergence en loi de 𝑋𝑛  et 𝑌𝑛

 convergence en loi du couple (𝑋𝑛
𝑌𝑛

)

2.

si 
{

𝑋𝑛 ⟶

𝑃
𝑋

𝑌𝑛 ⟶
𝑝

𝑌
⟹ (𝑋𝑛

𝑌𝑛
) ⟶

𝑃
(𝑋

𝑌 ) ⟹ (𝑋𝑛
𝑌𝑛

) ⟶
ℒ︀

(𝑋
𝑌 )

3. (Slutsky’s Lemma) (the most important)

si 
{

𝑋𝑛 ⟶

ℒ︀
𝑋

𝑌𝑛 ⟶
ℒ︀

𝑐
 alors (𝑋𝑛

𝑌𝑛
) ⟶

ℒ︀
(𝑋

𝑐 )

by applying the CMT,

17
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ℎ(𝑥, 𝑦) = 𝑥 + 𝑦 𝑋𝑛 + 𝑌𝑛 ⟶
ℒ︀

𝑋 + 𝑐

= 𝑥𝑦 𝑋𝑛𝑌𝑛 ⟶
ℒ︀

⟶
ℒ︀

𝑐𝑋

= 𝑥
𝑦

𝑋𝑛
𝑌𝑛

⟶
ℒ︀ 𝑋

𝑐

⋄

4.2 Consistency of Estimators

Definition 4.2 –  𝜃𝑛 is asymptotically unbiased if and only if

Biais(𝜃𝑛, 𝜃) = 𝐸[𝜃𝑛] − 𝜃 ⟶
𝑛→+∞

0

Remark 4.3 – Convergence in probability does not imply convergence of expectations.

If 𝑋𝑛 ⟶
𝑃

𝑋, |𝑋𝑛| ≤ 𝑌 ∈ 𝐿′, then by dominated convergence 𝑋𝑛 ⟶ 𝑋 in 𝐿1 ⋄

Example 4.4 – 𝜏𝑛 = 1
𝑛 ∑𝑛

𝑖=1 (𝑋𝑖 − 𝑋)
2

= 1
𝑛 ∑ 𝑋2

𝑖 − (𝑋)
2
 moment estimator for 𝜏2 =

𝐸[𝑋2)] − (𝐸[𝑋])2

Biais(𝜏2
𝑛, 𝜏2) = −1

𝑛
𝜏2  asymptotically unbiased

Consistency of 𝜏2
𝑛?

Tools to show consistency:

• LLN

• if 𝑅(𝜃𝑛, 𝜃) ⟶ 0 then 𝜃𝑛 is consistent because 𝐿2 ⇒ convergence implies convergence in 

probability

• return to the definition of convergence in probability

• if (𝑋𝑖) are i.i.d., then (𝑋2
𝑖 ) is i.i.d.

𝐸[𝑋2
𝑖 ] < +∞

LLN: 1
𝑛 ∑𝑖 𝑋2

𝑖 ⟶
𝑃

𝐸[𝑋2] = 𝜏2 − 𝜇2

• 𝑋 ⟶
𝑃

𝜇 (LLN), CMT with ℎ(𝑥) = 𝑥2: (𝑋)
2

⟶
𝑃

𝜇2

• Therefore (
1
𝑛 ∑𝑛

𝑖=1 𝑋2
𝑖

1
𝑛 ∑ 𝑋𝑖

) ⟶
𝑃

(𝜏2−𝜇2

𝜇 )
• CMT ℎ(𝑥, 𝑦) = 𝑥 − 𝑦2

Therefore 1
𝑛 ∑ 𝑋2

𝑖 − (𝑋)
2

⟶
𝑃

𝜏2 + 𝜇2 − 𝜇2 = 𝜏2 ⋄

4.3 Asymptotic normality of 𝜃𝑛 for 𝜃.
→ Question: what is the convergence rate of 𝜃𝑛 towards 𝜃 ?

(𝑋1, …, 𝑋𝑛) i.i.d., with expectation 𝜃, 𝜃 = 𝑋 with variance 𝜏2(𝜃)

18
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CLT 
√

𝑛(𝑋 − 𝜃) ⟶
ℒ︀

𝑍 ∼ 𝒩︀(0, 𝜏2(𝜃)) regardless of the distribution of 𝑋𝑖

Definition 4.5 –  𝜃𝑛 is an asymptotically normal estimator if and only if

• convergence rate in 
√

𝑛
• convergence in distribution

• limiting distribution is normal

√
𝑛(𝜃𝑛 − 𝜃) ⟶

ℒ︀
𝑍 ∼ 𝒩︀(0, 𝜏2(𝜃))

Example 4.6 – Is 𝜏2
𝑛 asymptotically normal?

(𝑋1, …, 𝑋𝑛) i.i.d. with expectation 𝜇, with variance 𝜏2

𝜏2
𝑛 = 1

𝑛
∑

𝑛

𝑖=1
(𝑋𝑖 − 𝑋)

2
= 1

𝑛
∑

𝑛

𝑖=1
(𝑋𝑖 − 𝜇)2 + (𝑋 − 𝜇)

2
+ 2

𝑛
∑

𝑛

𝑖=1
(𝑋𝑖 − 𝜇)(𝜇 − 𝑋)

⏟
=2(𝜇−𝑋)(𝑋−𝜇)

• CLT: if (𝑋𝑖) are i.i.d., then (𝑋𝑖 − 𝜇)2 are i.i.d. with expectation 𝜏2,

√
𝑛(1

𝑛
∑

𝑛

𝑖=1
(𝑋𝑖 − 𝜇)2 − 𝜏2) ⟶

ℒ︀
𝑍 ∼ 𝒩︀(0, 𝑢4 − 𝜏4)

Var(𝑋𝑖 − 𝜇)2 = 𝐸[(𝑋𝑖 − 𝜇)4] − 𝜇4 = 𝜇4 − 𝜏4

• CLT: 
√

𝑛(𝑋 − 𝜇) ⟶
ℒ︀

𝒩︀(0, 𝜏2)
•

√
𝑛(𝜏2

𝑛 − 𝜏2) =
√

𝑛( 1
𝑛 ∑𝑖 (𝑋𝑖 − 𝜇)2 − 𝜏2) −

√
𝑛(𝑋 − 𝜇)

2

⏟
√

𝑛 (𝑋−𝜇)⏟
⟶
ℒ︀

𝒩︀(0,𝜏2)

×(𝑋−𝜇)⏟

⟶
ℒ︀,𝑃

0

𝑋 − 𝜇 ⟶
ℒ︀

0
√

𝑛(𝑋 − 𝜇) ⟶
ℒ︀

𝑈 ∼ 𝒩︀(0, 1)}



⟹
lemme de Slutsky √

𝑛(𝑋 − 𝜇)
2

⟶
ℒ︀

𝑃
0

√
𝑛(𝜏2

𝑛 − 𝜏2) ⟶
ℒ︀

𝑛→+∞
𝑍 + 0

Therefore 𝜏2
𝑛 is an asymptotically normal estimator ⋄

Remark 4.7  – 
√

𝑛(𝜃𝑛 − 𝜃) ⟶
ℒ︀

𝑛→+∞
𝒩︀(0, 𝜏2) ⟺

√
𝑛(𝜃𝑛−𝜃)

𝜏 ⟶
ℒ︀

𝑛→+∞
𝒩︀(0, 1) Application of 

Slutsky’s Lemma: if 𝜏2 is a consistent estimator of 𝜏2, then we still have

√
𝑛(𝜃𝑛 − 𝜃)

𝜏
⟶
ℒ︀

𝒩︀(0, 1)

⋄

Proof.
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√
𝑛(𝜃 − 𝜃)

𝜏
=

(


√
𝑛

(𝜃 − 𝜃)
𝜏 )



⏟
⟶
ℒ︀

𝑍∼𝒩︀(0,1)

× (𝜏
𝜏
)

⏟
⟶
𝑃

1

⟶
ℒ︀

1 × 𝑍 by Slutsky's Lemma and consistency of 𝜏

□

4.4 𝛿-method

𝜃 asymptotically normal estimator: what is the asymptotic distribution of 𝑔(𝜃)?

Lemma 4.8  (méthode délta) – Let 𝑍𝑛 be a sequence of real random variables s.t.

√
𝑛(𝑍𝑛 − 𝜇) ⟶

ℒ︀
𝑍 ∼ 𝒩︀(0, 𝜏2)

Let 𝑔 be a differentiable function, 𝑔′(𝜇) ≠ 0. Under these assumptions, we have

√
𝑛[𝑔(𝑍𝑛) − 𝑔(𝜇)] ⟶

ℒ︀

𝑛→+∞
𝑍 ∼ 𝒩︀(0, (𝑔′(𝜇))2𝜏2)

𝑔(𝑥) = 𝑔(𝜇) + 𝑔′(𝜇)(𝑥 − 𝜇) + (𝑥 − 𝜇)𝑅(𝑥 − 𝜇)  where 𝑅(𝑦) →
𝑦→0

0

√
𝑛(𝑔(𝑍𝑛) − 𝑔(𝜇)) = 𝑔′(𝜇)

√
𝑛(𝑍𝑛 − 𝜇)⏟

⟶
ℒ︀

𝑍∼𝒩︀(0,𝜏2)⏟
⟶𝒩︀(0,(𝑔′(𝜇))2𝜏2)

+ (
√

𝑛)(𝑍𝑛 − 𝜇)⏟
⟶
ℒ︀

𝒩︀(0,𝜏2)

𝑅(𝑍𝑛 − 𝜇)⏟
⟶
𝑃

0?⏟

Do we have 𝑍𝑛 ⟶
𝑃

𝜇 ?

𝑃(|𝑋𝑛 − 𝜇| > 𝜀) = 𝑃(
√

𝑛|𝑍𝑛 − 𝜇|
𝜏

>
√

𝑛𝜀
𝜏

)

= 𝑃(
√

𝑛(𝑍𝑛 − 𝜇)
𝜏

>
√

𝑛𝜀
𝜏

) + 𝑃(
√

𝑛(𝑍𝑛 − 𝜇)
𝜏

< −
√

𝑛𝜀
𝜏

)

∼= 1 − Φ𝑛(
√

𝑛𝜀
𝜏

) + Φ𝑛(−
√

𝑛𝜀
𝜏

) = 2(1 − Φ(
√

𝑛𝜀
𝜏

))

⋄
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Empirical Distribution Function
 

§5

(𝑋1, …, 𝑋𝑛) i.i.d. real-valued sample from an unknown distribution 𝐹 .

∀𝑥 ∈ ℝ, 𝐹(𝑥) = 𝑃(𝑋1 ≤ 𝑥) = 𝐸[𝟙𝑋1≤𝑥]

Definition 5.1 –  The empirical distribution function associated with (𝑋1, …, 𝑋𝑛) is defined 

by:

𝐹𝑛 : ℝ ⟶ [0, 1]

𝑥 ↦ 1
𝑛

∑
𝑛

𝑖=1
𝟙𝑋𝑖≤𝑥

∀𝑥 ∈ ℝ, 𝐹𝑛(𝑥) is a random variable, an estimator of 𝐹(𝑥).

Definition 5.2 –  Empirical Law 𝑃𝑛 = 1
𝑛 ∑𝑛

𝑖=1 𝛿𝑋𝑖
 is a discrete uniform law on {𝑋1, …, 𝑋𝑛}.

Graphical Representation

Conditionally 𝑋1 = 𝑥1, 𝑋2 = 𝑥2, …, 𝑋𝑛 = 𝑥𝑛

𝑥(1) ≤ 𝑥(2) ≤ … ≤ 𝑥(𝑛)  ordered values

𝐹𝑛(𝑥)

𝑥𝑥(1) 𝑥(2) 𝑥(3) 𝑥(4) 𝑥(5)

fdsa

Proposition 5.3  (Immediate Properties) – 

• 𝑛𝐹𝑛(𝑥) = ∑𝑛
𝑖=1 𝟙𝑋𝑖≤𝑥 follows the binomial distribution (𝑛, 𝐹(𝑥))

• 𝑅(𝐹𝑛(𝑥), 𝐹 (𝑥)) = 0 + 1
𝑛2 Var(∑𝑛

𝑖=1 𝟙𝑋𝑖≤𝑥) =⏟
indep

1
𝑛𝐹(𝑥)(1 − 𝐹(𝑥)) ⟶

𝑛→+∞
0 therefore 

∀𝑥 ∈ ℝ, 𝐹𝑛(𝑥) ⟶
𝑃

𝐹(𝑥)
• or LGN: 𝐹𝑛(𝑥) is a consistent estimator of 𝐹(𝑥).
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• We have a uniform convergence result:

sup
𝑥∈ℝ

|𝐹𝑛(𝑥) − 𝐹(𝑥)| ⟶
𝑃

𝑛→+∞
0  (Glivenko-Cantelli Theorem)

.2

• Is 𝐹𝑛(𝑥) asymptotically normal?

𝐹𝑛(𝑥) = 1
𝑛

∑
𝑛

𝑖=1
𝟙𝑋𝑖≤𝑥

CLT: the 𝑋𝑖 are i.i.d., so the {𝟙𝑋𝑖≤𝑥 = 𝑌𝑖} are i.i.d.

∀𝑥, 𝐹(𝑥) ∈]0, 1[,
√

𝑛(𝐹𝑛(𝑥) − 𝐹(𝑥)) ⟶
ℒ︀

𝑛→+∞
𝒩︀(0, 𝐹(𝑥)(1 − 𝐹(𝑥)))

⟺ 𝐹𝑛(𝑥) − 𝐹(𝑥)

√𝐹(𝑥)(1−𝐹(𝑥))
𝑛

⟶
ℒ︀

𝑛→+∞
𝒩︀(0, 1)

5.1 Empirical Estimation

“plug-in” or substitution method, parameter of interest 𝜃 = 𝑐(𝐹), the empirical method defines 

𝜃, an empirical estimator by replacing 𝐹  with 𝐹𝑛 → 𝜃𝑛 = 𝑐(𝐹𝑛).

Example 5.4 – 𝜃 = 𝐸𝐹 (𝑋) → 𝜃𝑛 = 𝐸𝐹𝑛
(𝑋) = ∑𝑛

𝑖=1 𝑋𝑖 × 1
𝑛 = 𝑋 if 𝑋𝑖 are distinct

𝜃 = Var𝐹 (𝑋) → 𝜃𝑛 = Var𝐹𝑛
(𝑋) = 1

𝑛
∑ (𝑋𝑖 − 𝑋)

2

⋄

5.2 Generalized Inverse

Definition 5.5 –  The generalized inverse of 𝐹  is defined by:

𝐹−1 : [0, 1] ⟶ ℝ

∀𝛼 ∈ [0, 1], 𝐹−1(𝛼) = inf{𝑥 ∈ ℝ, 𝐹(𝑥) ≥ 𝛼}

If 𝐹  is strictly increasing, inf 𝑥 such that 𝐹(𝑥) ≥ 𝑎 ⇔ 𝑥 ≥ 𝐹−1(𝛼), if 𝐹  is the function of a 

discrete distribution.

2Glivenko-Cantelli Thm: https://fr.wikipedia.org/wiki/Th%C3%A9or%C3%A8me_de_Glivenko-Cantelli
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𝑥𝑥(1) 𝑥(2) 𝑥(3) 𝑥(4) 𝑥(5)

𝛼

𝐹−1(𝛼) = 𝑥(4)

Example 5.6 –

𝐹−1(𝛼) = 𝑥 ⇔ 𝐹(𝑥) = 𝛼 ⇔ 𝑃(𝑋 ≤ 𝑥) = 𝛼 ⇔ 𝑃(𝑋 > 𝑥) = 1 − 𝛼

⋄

Vocabulary:

• 𝐹−1 is also called the quantile function

• 𝐹−1(𝛼) = 𝛼-order quantile, of the distribution 𝐹
• 𝐹−1(1

4) = 1st quantile

• 𝐹−1(1
2) = median

• 𝐹−1(3
4) = 3rd quantile

Lemma 5.7 – 𝑈 a random variable on [0, 1], 𝐹  a c.d.f., then 𝐹−1(𝑈) is a random variable 

with distribution 𝐹 ⋄

• If 𝐹  is bijective:
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𝑃(𝐹−1(𝑈) ≤ 𝑥) =⏟
𝐹 bijective

𝑃(𝑈 ≤ 𝐹(𝑥)) =⏟
car 𝑃(𝑈≤𝑥)=𝑥 sur [0,1]

𝐹(𝑥)

• If 𝐹  is discrete: 𝐹−1 generalized inverse: 𝐹−1(𝑦) ≤ 𝑥 ⇔ 𝑦 ≤ 𝐹(𝑥)

5.3 Empirical Quantile

Definition 5.8 –  We define the empirical quantile (sample quantile) of order 𝛼, as the 

quantile of 𝐹𝑛:

𝑞𝑛,𝛼 = 𝐹−1
𝑛 (𝛼) = inf{𝑥, 𝐹𝑛(𝑥) ≥ 𝛼}

Proposition 5.9 – 

• It can be shown that 𝑞𝑛,𝛼 = 𝑋([𝑛𝛼]) where 𝑋(1) ≤ 𝑋(2) ≤ … ≤ 𝑋(𝑛) is the ordered sample 

of (𝑋𝑖)1≤𝑖<𝑛

[𝑢] = the smallest integer ≥ 𝑢

Example 5.10 – 𝛼 = 1
2 , [

𝑛
2 ],

{
si 𝑛 = 2𝑘 medianne = 𝑞𝑛,1

2
= 𝑋(𝑘)

si 𝑛 = 2𝑘 + 1 medianne = 𝑞𝑛,1
2

= 𝑋(𝑘+1)

• Consistency

if 𝛼 ∈]0, 1[, if 𝐹  is strictly increasing in the neighborhood of 𝛼

⋄
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Confidence Intervals
 

§6

6.1 Definitions

(𝑋1, …, 𝑋𝑛) i.i.d. from distribution 𝑃 ∈ {𝑃𝜃, 𝜃 ∈ Θ ⊂ ℝ𝑝}, we are interested in 𝜃 ∈ ℝ or 𝑔(𝜃) :
ℝ𝑝 ⟶ ℝ.

A confidence interval for 𝜃, with a confidence level of 1 − 𝛼, 𝛼 ∈]0, 1[ is an interval whose 

bounds are random, functions of the sample and do NOT depend on the unknown parameters 

of the model, and such that

𝑃([𝐵 inf(𝑋1, …, 𝑋𝑛); 𝐵 sup(𝑋1, …, 𝑋𝑛)] ∋ 𝜃) ≥ 1 − 𝛼

3

• A CI is computable from the data

• if the inequality is an equality =, the confidence level is exact.

• if we have 𝑃(𝜃 ∈ [𝐵 inf, 𝐵 sup]) ⟶
𝑛→+∞

1 − 𝛼, the level is asymptotic.

• generally 𝛼 = 1%, 5%

6.2 Interpretation

𝐼𝐶 = [𝐵 inf(𝑋1, …, 𝑋𝑛), 𝐵 sup(𝑋1, …, 𝑋𝑛)] 
mathematical formula that guarantees the level 

1 − 𝛼. We observe 𝑋1 = 𝑥1, 𝑋2 = 𝑥2, …, 𝑋𝑛 =
𝑥𝑛, a realization of the random sample. We 

calculate 𝐼𝐶 = [2.3; 5.1] with a confidence level 

95% (𝛼 = 5%).

On average, out of 100 calculated intervals 

(using the same formula), there are 5 intervals 

that do not contain 𝜃.

𝑃(𝜃 ∈ [𝐵 inf, 𝐵 sup]) = 1 − 𝛼

𝑃(𝜃 ∈ [2.3, 5.1]) = 95% because 𝜃 is a number

6.3 Pivotal Method

(𝑋1, …, 𝑋𝑛) i.i.d. with expectation 𝜃 ∈ ℝ, with variance 𝜎2(𝜃). Let 𝜃 be asymptotically normal:

√
𝑛(𝜃𝑛 − 𝜃) ⟶

ℒ︀

𝑛→+∞
𝒩︀(0, 𝜎2(𝜃))

⇔
√

𝑛(𝜃𝑛 − 𝜃)
𝜎(𝜃)

⟶
ℒ︀

𝑛→+∞
𝒩︀(0, 1)

By definition of Gaussian quantiles, 𝑞𝛼 = Φ−1(𝛼) where Φ is the c.d.f. of 𝒩︀(0, 1)

3𝐵 inf for lower bound and 𝐵 sup for upper bound
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𝑃
(
𝑞𝛼

2
≤

√
𝑛(𝜃 − 𝜃)
𝜎(𝜃)

≤ 𝑞1−𝛼
2
)
 ⟶

𝑛→+∞
1 − 𝛼

• pivot or pivotal statistic = 
√

𝑛(𝜃−𝜃)
𝜎̂  a centered and reduced statistic derived from 𝜃, where 

𝜎2(𝜃) is estimated by 𝜎̂2, consistent for estimating 𝜎2(𝜃).

If this is the case,

√
𝑛(𝜃 − 𝜃)
𝜎(𝜃)⏟

⟶
ℒ︀

𝜃̂ as. normal
𝒩︀(0,1)

× 𝜎2(𝜃)
𝜎̂2⏟
⟶
𝑃

estimateur consistant
1

⟶
ℒ︀

𝑛→+∞
𝒩︀(0, 1)  par lemme de Slutsky

• we deduce

𝑃
(
𝑞𝛼

2
≤

√
𝑛(𝜃 − 𝜃)

𝜎̂
(𝜃) ≤ 𝑞1−𝛼

2
)
 ⟶

𝑛→+∞
1 − 𝛼

𝑃(𝜃 − 1√
𝑛

𝜎̂𝑞1−𝛼
2

≤ 𝜃 ≤ 𝜃 − 1√
𝑛

𝜎̂𝑞𝛼
2
) ⟶ 1 − 𝛼
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Supplements (before midterm)
 

§7

1. Review of asymptotic normality

2. Example

3. Asymptotic pivot

4. Example 2

7.1 Asymptotic properties of a sequence of estimators (𝜃𝑛)
𝑛≥1

• Consistency 𝜃𝑛 ⟶
𝑃

𝜃
• Asymptotic normality, if there exists 𝜎2 > 0

√
𝑛(𝜃𝑛 − 𝜃) ⟶

ℒ︀

𝑛→+∞
𝒩︀(0, 𝜎2)

In general, if there exists 𝑣𝑛 ⟶
𝑛→+∞

+∞

𝑣𝑛(𝜃𝑛−𝜃) ⟶
ℒ︀

𝑌

We say that 𝜃𝑛 converges at rate 1
𝑣𝑛

Remark 7.1 – If 𝜃𝑛 is asymptotically normal ⇒ 𝜃𝑛 is consistent

𝜃𝑛 − 𝜃 = 1√
𝑛⏟

→0

√
𝑛(𝜃𝑛 − 𝜃)⏟
→
ℒ︀

𝒩︀(0,𝜎2)

⟶
ℒ︀ ou 𝑃

Slutsky
0

𝑈𝑛 = 1√
𝑛

→ 0

⋄

𝛿-method

√
𝑛(𝑋𝑛 − 1) ⟶

ℒ︀
𝒩︀(0, 1)

√
𝑛(𝑋𝑛 − 1) ≈ℒ︀ 𝑍 ∼ 𝒩︀(0, 1)

𝑋𝑛 ≈ℒ︀ 1 + 1√
𝑛

𝑍

If 𝑔 is differentiable at 1,

𝑔(1 + ℎ) = 𝑔(1) + ℎ𝑔(1)

𝑔(𝑋𝑛) ≈ 𝑔(1) + 1√
𝑛

𝑔′(1)𝑍

√
𝑛(𝑔(𝑋𝑛) − 𝑔(1)) ≈ 𝑔′(1)𝑍

𝛿-method
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√
𝑛(𝜃𝑛 − 𝜃) ⟶

ℒ︀
𝑍 ∼ 𝒩︀(0, 1)

g differentiable at 𝜃

𝑔(𝑥) = 𝑔(𝜃) + 𝑔′(𝜃)[(𝑥 − 𝜃) + 𝑟(𝑥)] where 𝑟(𝑥) →
𝑥→0

0

𝜃𝑛 ⟶
𝑃

𝜃 thus (LAC) 𝑟(𝜃𝑛) ⟶ 𝑟(𝜃) = 0

𝑔(𝜃𝑛) = 𝑔(𝜃) + (𝜃𝑛 − 𝜃)[𝑔′(𝜃) + 𝑟(𝜃𝑛)]

√
𝑛(𝑔(𝜃𝑛) − 𝑔(𝜃)) =

√
𝑛(𝜃𝑛 − 𝜃)⏟

⟶
ℒ︀

𝑍 [





𝑔′(𝜃) + 𝑟(𝜃𝑛)⏟
⟶
𝑃

𝑔′(𝜃) ]





⇒
Slutsky

√
𝑛(𝑔(𝜃𝑛) − 𝑔(𝜃)) ⟶

ℒ︀
𝑔′(𝜃)𝑍 ∼ 𝒩︀(0, (𝑔′(𝜃))2)

Example 7.2 – 𝑋1, .., 𝑋𝑛 with density distribution 𝑓(𝑥) = 1
𝜇𝑒−𝑥

𝜇 , 𝑥 ≥ 0, 𝜇 = 𝐸[𝑋𝑖] > 0 𝜇 

estimated by 𝜇̂ = 𝑋 efficient? log 𝐿𝑛(𝜇) = −𝑛 log 𝜇 − 1
𝜇 ∑𝑛

𝑖=1 𝑋𝑖

Var(𝜇̂) = 1
𝑛2 Var(∑

𝑖
𝑋𝑖) =⏟

indép

1
𝑛2 ∑

𝑖
Var(𝑋𝑖) =⏟

i.i.d.

1
𝑛

Var(𝑋𝑖) = 𝜇2

𝑛
, 𝐸[𝜇̂] = 𝜇

𝜕
𝜕𝜇

(log 𝐿𝑛)(𝜇) = −𝑛
𝜇

+ 1
𝜇2 ∑(𝑋𝑖)

𝐼𝑛(𝜇) = Var(−𝑛
𝜇

+ 1
𝜇2 ∑ 𝑋𝑖)

= 1
𝜇4 Var(∑ 𝑋𝑖)

= 𝑛
𝜇4 Var(𝑋𝑖)

𝐼𝑛(𝜇) = 𝑛
𝜇2

𝜇̂ is unbiased and Var(𝜇̂) = 1
𝐼𝑛(𝜇)

. Therefore, 𝜇̂ is efficient.

CLT: 
√

𝑛(𝜇̂𝑛 − 𝜇) ⟶
ℒ︀

𝒩︀(0, 𝜇2) ⇒ Var(𝜇̂𝑛) = 𝜇2

𝑛 = variance of the asymptotic Gaussian 

distribution
√

𝑛(𝜇̂𝑛−𝜇)
𝜇 The asymptotic distribution for

√
𝑛(𝜇̂𝑛−𝜇)

𝜇  is 𝒩︀(0, 1)

• another parametrization: (𝑋1, …, 𝑋𝑛) i.i.d. 𝑓(𝑥) = 𝜃𝑒−𝜃𝑥, 𝑥 ≥ 0

𝐸𝑋𝑖 = 1
𝜃
, Var 𝑋𝑖 = 1

𝜃2

28



Statistical Inference Course Notes — Yehor KOROTENKO

log 𝐿𝑛(𝜃) = 𝑛 log 𝜃 − 𝜃 ∑
𝑛

𝑖=1
𝑋𝑖

𝜕
𝜕𝜃

(log 𝐿𝑛)(𝜃) = 𝑛
𝜃

− ∑ 𝑋𝑖 ↪︎ 𝜃MV = 1
𝑋

↪︎ 𝐼𝑛(𝜃) = Var(𝑛
𝜃

− ∑ 𝑋𝑖) = Var(∑ 𝑋𝑖) = 𝑛
𝜃2

Remark 7.3 – cf. TD1: 𝑛𝑋 ∼ Γ(𝑛, 𝜃)

𝐸[ 1
𝑛𝑋

] = 𝜃
𝑛 − 1

and Var
(

 1

(𝑛𝑋)
2
)

 = 𝜃2

(𝑛 − 1)(𝑛 − 2)

⋄

𝐸[ 1
𝑋

] = 𝑛 𝜃
𝑛 − 1

↪︎ 𝜃 = 𝑛 − 1
𝑛

𝜃 unbiased

Var(𝜃) = (𝑛 − 1
𝑛

)
2
Var( 1

𝑋
) = (𝑛 − 1)2

𝑛2
[

𝐸

[

 1

(𝑋)
2
]

 − (𝐸[ 1

𝑋
])

2

]



= (𝑛 − 1)2

𝑛2 × 𝑛2𝜃2

(𝑛 − 1)(𝑛 − 2)
− (𝑛 − 1)2

𝑛2
𝑛2

(𝑛 − 1)2 𝜃2

= 𝜃2 𝑛 − 1
𝑛 − 2

− 𝜃2 = 𝜃2

𝑛 − 2
>⏟

BCR

1
𝐼𝑛(𝜃)

not efficient

√
𝑛(𝑋 − 1

𝜃
) ⟶

ℒ︀
𝒩︀(0, 1

𝜃2 )

𝜃 is asymptotically efficient 𝑋 asymptotically normal (CLT). 𝑔(𝑥) = 1
𝑥 on ]0, +∞[, 𝑔′(𝑥) =

− 1
𝑥2 ≠ 0, delta method:

√
𝑛( 1

𝑋
− 𝜃) ⟶

ℒ︀
𝑔′(1

𝜃
)

⏟
=𝜃2

𝒩︀(0, 1
𝜃2 ) = 𝒩︀(0, 𝜃4

𝜃2 = 𝜃2)

⋄

7.2 Pivot (asymptotic) or pivotal statistic

Definition 7.4 –  A statistic whose distribution does not depend on unknown parameters

Example 7.5 – 𝑋1, …, 𝑋𝑛 i.i.d. Bernoulli(𝜃) with 𝜃 ∈]0, 1[:
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√
𝑛(𝑋 − 𝜃) ⟶

ℒ︀

TLC
𝒩︀(0, 𝜃(1 − 𝜃))

⇔
√

𝑛 𝑋 − 𝜃
√𝜃(1 − 𝜃)⏟

pivot ou stat. pivotale

⟶
ℒ︀

𝒩︀(0, 1)

Pivotal method for CI: We estimate √𝜃(1 − 𝜃) by √𝜃(1 − 𝜃) using the “plug-in” method with 

the LAC function 𝑔(𝑥) = √𝑥(1 − 𝑥) for 𝑥 ∈]0, 1[, where √𝜃(1 − 𝜃) is a consistent estimator 

of √𝜃(1 − 𝜃)

√
𝑛 𝜃 − 𝜃

√𝜃(1 − 𝜃)
=

√
𝑛 𝜃 − 𝜃

√𝜃(1 − 𝜃)⏟
⟶
ℒ︀

TLC
𝒩︀(0,1)

×
√𝜃(1 − 𝜃)

√𝜃(1 − 𝜃)
⏟

⟶
𝑃

consistant
1

⋄

Example 7.6 – (𝑋1, …, 𝑋𝑛) from a density with 𝜃 > 0. 𝑓𝜃(𝑥) = 3
𝜃𝑥2 exp(−𝑥3

𝜃 )𝟙𝑥≥0

MLE?

log 𝐿𝑛(𝜃) = 𝑛(log3 − log 𝜃) + ∑
𝑛

𝑖=1
log(𝑋2

𝑖 ) − 1
𝜃

∑
𝑛

𝑖=1
𝑋3

𝑖

(log 𝐿𝑛)′(𝜃) = −𝑛
𝜃

+ 1
𝜃2 ∑ 𝑋3

𝑖 ⇒ 𝜃 = ∑ 𝑋3
𝑖

𝑛

(log 𝐿𝑛)″(𝜃) = 𝑛
𝜃2 − 2

𝜃3 ∑ 𝑋3
𝑖 ; (log 𝐿𝑛)″(𝜃) = 𝑛

𝜃2
− 2

𝜃3
𝑛𝜃 = − 𝑛

𝜃2
< 0 + uniqueness

⇒ global maximum

CLT:

√
𝑛(𝜃𝑛 − 𝜃) ⟶

ℒ︀
𝒩︀(0, 𝜃2)

⇔⏟
pivot asymptotique

√
𝑛(𝜃 − 𝜃)

𝜃
⟶
ℒ︀

𝒩︀(0, 1)

⇒⏟
Slutsky

√
𝑛(𝜃 − 𝜃)

𝜃
⟶
ℒ︀

𝒩︀(0, 1)

𝑞𝛼
2
 and 𝑞1−𝛼

2
 quantiles of 𝒩︀(0, 1)
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𝑃
(
𝑞𝛼

2
≤

√
𝑛(𝜃 − 𝜃)

𝜃
≤ 11−𝛼

2
)
 ⟶

𝑛→+∞
1 − 𝛼

𝑃(𝑞𝛼
2

𝜃√
𝑛

≤ 𝜃 − 𝜃 ≤ 𝑞1−𝛼
2

𝜃√
𝑛

) ⟶ 1 − 𝛼

𝑃

(





𝜃 − 𝑞1−𝛼
2

𝜃√
𝑛

≤ 𝜃 ≤ 𝜃 − 𝑞𝛼
2

𝜃√
𝑛⏟

⇒𝐼𝐶(𝜃) de niveau asymptotique (1−𝛼) )





⟶ 1 − 𝛼

⋄
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Estimation in Gaussian samples
 

§8

1. Normal distribution and derived distributions

2. Distribution of empirical estimators

3. CI of parameters

4. Exercise

8.1 Normal distribution and derived distributions

Definition 8.1 –  𝑍 is said to be standard Gaussian (normal) if its distribution has the 

density function

𝑓(𝑥) = 1√
2𝜋

𝑒−𝑥2
2 , 𝑥 ∈ ℝ

We denote 𝑍 ∼ 𝒩︀(0, 1).

𝑋 is said to follow a normal distribution with parameters 𝜇 ∈ ℝ and 𝜎2 > 0 if and only if

𝑋 = 𝜇 + 𝜎𝑍

denoted

𝑋 ∼ 𝒩︀(𝜇, 𝜎2)

Other characterizations of the normal distribution:

• by its density function

𝑓𝑋(𝑥) = 1√
2𝜋𝜎2

𝑒− 1
2𝜎2 (𝑥−𝜇)2

• by the moment generating function

𝑀(𝑡) = 𝐸[𝑒𝑡𝑋] = 𝑒𝑡𝜇+1
2𝜎2𝑡2 , ∀𝑡 ∈ ℝ

Remark 8.2 –

• If 𝜎2 = 0 → 𝑋 = 𝜇 almost surely

• if 𝑋1 ∼ 𝒩︀(𝜇1, 𝜎2
1), 𝑋2 ∼ 𝒩︀(𝜇2, 𝜎2

2) and 𝜆 ∈ ℝ, then

𝜆𝑋1 + 𝑋2 ∼ 𝒩︀(𝜆𝜇1 + 𝜇2, 𝜆2𝜎2
1 + 𝜎2

2)

⋄

Central moments: symmetric density with respect to 𝜇
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−4 −3 −2 −1 1 2 3 4 𝑥

𝑓(𝑥)

0

𝒩︀(0, 1)
Student(3)

centered moments: 𝐸[(𝑋 − 𝜇)𝑘]

• all odd-order centered moments are zero

• 𝜇2𝑘 = (2𝑘)!
2𝑘𝑘! 𝜎

2𝑘

� 𝐸[(𝑋 − 𝜇)4] = 3𝜎4

� Var(𝑋) = 𝐸[(𝑋 − 𝜇)2] = 𝜎2

Definition 8.3 –  (𝑋1, …, 𝑋𝑑) i.i.d. sample from 𝒩︀(0, 1). The distribution of 𝑋2
1 + 𝑋2

2 +
… + 𝑋2

𝑑  is called the 𝜒2 (chi-squared) distribution with 𝑑 degrees of freedom (df).

2 4 6 8 10 12 𝑥

𝑓(𝑥)

0

𝜒2
7

Corollary 8.4 –

• if 𝑌  follows a 𝜒2(𝑑) distribution, 𝐸[𝑌 ] = 𝑑, Var(𝑌 ) = 2𝑑

Var(𝑋2
1 + … + 𝑋2

𝑑) =⏟
indep

𝑑 Var(𝑋2
𝑖 )⏟

𝐸𝑋ℎ
𝑖 =𝐸[𝑋2

𝑖 ]2=3−1=2

• support ℝ+
• 𝑀(𝑡) = (1 − 2𝑡)−𝑑

2 , (𝑡 < 1
2)

⋄

Definition 8.5 –  if 𝑋 ∼ 𝒩︀(0, 1) and 𝑌 ∼ 𝜒2(𝑑) are independent, the distribution of 𝑍 =
𝑋

√𝑌
𝑑
 is called Student’s t-distribution with 𝑑 df.

Remark 8.6 – if 𝑑 → +∞, Student’s t-distribution converges to the distribution 𝒩︀(0, 1)
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𝑌
𝑑

=ℒ︀
def

1
𝑑

∑
𝑑

𝑖=1
𝑈2

𝑖 where 𝑈𝑖 ∼ 𝒩︀(0, 1) are mutually independent, such that 𝑋

⟶
𝑃

LGN
𝐸(𝑈2

𝑖 ) = 1

therefore (LAC)

𝑔(𝑥) =
√

𝑥 1
√𝑌

𝑑

⟶
𝑃

1

by Slutsky’s Lemma 𝑍 ⟶
ℒ︀

1 ⋅ 𝑋 ∼ 𝒩︀(0, 1) ⋄

We introduce (𝑋1, …, 𝑋𝑛) i.i.d. 𝒩︀(𝜇, 𝜎2) where 𝜇 and 𝜎2 are unknown parameters.

• ↪︎ 𝜇 = 𝐸[𝑋𝑖] ⇝ 𝜇̂ = 𝑋
• ↪︎ 𝜎2 = Var(𝑋𝑖) ⇝ 𝜎2 = 1

𝑛∑(𝑋𝑖 − 𝑋)
2

Let 𝑆2
𝑛 = 1

𝑛−1 ∑𝑛
𝑖=1 (𝑋 − 𝑖 − 𝑋)

2
 unbiased

8.2 Law of Empirical Estimators

Theorem 8.7  (law of 𝜇̂ and 𝜎̂2) – 

• 𝑋 and ∑𝑛
𝑖=1 (𝑋𝑖 − 𝑋)

2
 are random variables independent

• 𝑋 ∼ 𝒩︀(𝜇, 𝜎2

𝑛 )
• 1

𝜎2 ∑𝑛
𝑖=1 (𝑋𝑖 − 𝑋)

2
∼ 𝜒2(𝑛 − 1) ⇒ 𝑛𝜎̂2

𝜎2 ∼ 𝜒2(𝑛 − 1) and 
(𝑛−1)𝑆2

𝑛
𝜎2 ∼ 𝜒2(𝑛 − 1)

• 𝑋−𝜇
𝑆𝑛√

𝑛
∼ Student(𝑛 − 1)

•
𝑋 and 

𝑇
⏞
(𝑋, 𝑋1 − 𝑋, …, 𝑋𝑛 − 𝑋) are independent

Proof.
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𝑀(𝑢, 𝑡1, …, 𝑡𝑛) = 𝐸[𝑒𝑢𝑋+𝑡1(𝑋1−𝑋)+…+𝑡𝑛(𝑋𝑛−𝑋)]

= 𝐸

[





𝑒(

𝑢

𝑛+

(

𝑡1+𝑡2+…+𝑡𝑛

𝑛⏟
𝑡 )




)

𝑋1

…𝑒(𝑢
𝑛+𝑡)𝑋𝑛

]





= 𝐸[∏
𝑛

𝑖=1
𝑒(𝑢

𝑛+𝑡𝑖−𝑡)𝑋𝑖]

𝑋𝑖 indep. = ∏
𝑛

𝑖=1
𝐸[𝑒(𝑢𝑛+𝑡𝑖−𝑡)𝑋𝑖]⏟

𝑀(𝑢𝑛+𝑡𝑖−𝑡)

= ∏
𝑛

𝑖=1
𝑒𝜇(𝑢

𝑛+𝑡𝑖−𝑡)+𝜎2
2 (𝑢𝑛+𝑡𝑖−𝑡)2

= 𝑒∑𝑛
𝑖=1 𝜇(𝑢

𝑛+𝑡𝑖−𝑡)+𝜎2
2 (𝑢𝑛+𝑡𝑖−𝑡)2

= 𝑒𝜇𝑢+𝜇

0
⏞∑𝑖(𝑡𝑖−𝑡)+𝜎2

2 ∑𝑖(
𝑢2
𝑛2+(𝑡𝑖−𝑡)2+2𝑢

𝑛(𝑡𝑖−𝑡))

= 𝑒𝜇𝑢+𝜎2
2 (𝑢2

𝑛 + ∑𝑖 (𝑡𝑖−𝑡)2)

= 𝑒𝜇𝑢+𝜎2𝑢2
2𝑛⏟

𝑀𝑋(𝑢)

𝑒
𝜎2
2 ∑𝑖 (𝑡𝑖−𝑡)2

⏟
𝑀𝑇 (𝑡1,…,𝑡𝑛)

1
𝜎2 ∑

𝑛

𝑖=1
(𝑋𝑖 − 𝜇)2 = 1

𝜎2 ∑
𝑛

𝑖=1
(𝑋𝑖 − 𝑋)

2
+ 𝑛

𝜎2 (𝑋 − 𝜇)
2

+ 2
𝜎2 ∑

𝑖
(𝑋𝑖 − 𝑋)(𝑋 − 𝜇)

= 1
𝜎2 ∑

𝑛

𝑖=1
(𝑋𝑖 − 𝑋)

2
+ 𝑛

𝜎2 (𝑋 − 𝜇)
2

+ 2
𝜎2 (𝑋 − 𝜇)∑

𝑖
(𝑋𝑖 − 𝑋)

⏟
=0

= 1
𝜎2 ∑

𝑛

𝑖=1
(𝑋𝑖 − 𝑋)

2

⏟
= ∑𝑛

𝑖=1 (𝑋𝑖−𝜇
𝜎 )

2
∼𝜒2(𝑛)

+ 𝑛
𝜎2 (𝑋 − 𝜇)

2

⏟

=(𝑋−𝜇
𝜎√
𝑛

)
2

∼𝜒2(1)

by independence ⇒ 𝑀𝜒2(𝑛)(𝑡) = 𝑀?(𝑡)𝑀𝜒2(1)(𝑡) ⇒ 𝑀?(𝑡) = (1 − 2𝑡)−𝑛
2

(1 − 2𝑡)−1
2

= (1 − 2𝑡)− (𝑛−1)
2

which characterizes the 𝜒2(𝑛 − 1)

𝑋 − 𝜇
𝑆𝑛√

𝑛

=
𝑋−𝜇

𝜎√
𝑛

𝑆𝑛√
𝑛 ×

√
𝑛

𝜎

=
𝑋−𝜇

𝜎√
𝑛

√𝑆2
𝑛

𝜎2

𝑆2
𝑛

𝜎2 =
(

∑ (𝑋𝑖 − 𝑋)

2

𝜎2
)

 ∼ 𝜒2(𝑛 − 1)

therefore 𝑋 + 𝑆2
𝑛 are independent ⇒⏟

def Student

 Student(𝑛 − 1) □

35



Statistical Inference Course Notes — Yehor KOROTENKO

8.3 CI of parameters

Pivot. 𝑋−𝜇
𝑆𝑛√

𝑛
∼

loi exacte
Student(𝑛 − 1)

−4 −3 −2 −1 1 2 3 4 𝑥

𝑓(𝑥)

0

𝑡3

𝑃(𝑞𝛼
2
𝑡(𝑛 − 1)) ≤ 𝑋 − 𝜇

𝑆𝑛√
𝑛

≤ 𝑞1−𝛼
2
𝑡(𝑛 − 1))

⇔ 𝑃(𝑋 − 𝑆𝑛√
𝑛

𝑞1−𝛼
2
𝑡(𝑛 − 1) ≤ 𝜇 ≤ 𝑋 + 𝑆𝑛√

𝑛
𝑞1−𝛼

2
𝑡(𝑛 − 1)) = 1 − 𝛼

CI (𝜎2), 𝑛𝜎̂2

𝜎2 ∼ 𝜒2(𝑛 − 1)

𝑃(𝑞𝛼
2
𝜒2(𝑛 − 1) ≤ 𝑛𝜎̂2

𝜎2 ≤ 𝑞1−𝛼
2
𝜒2(𝑛 − 1)) = 1 − 𝛼

= 𝑃( 𝑛𝜎̂2

𝑞1−𝛼
2
𝜒2(𝑛 − 1)

≤ 𝜎2 ≤ 𝑛𝜎̂2

𝑞𝛼
2
𝜒2(𝑛 − 1)

) = 𝛼 − 1

⇝ CI = [ 𝑛𝜎̂2

𝑞1−𝛼
2

𝜒2(𝑛−1) ,
𝑛𝜎̂2

𝑞𝛼
2

𝜒2(𝑛−1)]

Remark 8.8 – 𝑛𝜎̂2

𝜎2 ∼ 𝜒2(𝑛 − 1) and 
(𝑛−1)𝑆2

𝑛
𝜎2 ∼ 𝜒2(𝑛 − 1)

𝑋 − 𝜇
𝑆𝑛√

𝑛

∼ Student(𝑛 − 1)

⋄

8.4 Exercise

• Show that (𝜇̂, 𝜎2) are the MLEs of 𝜇 and 𝜎2

• 𝑅(𝑆2
𝑛, 𝜎2) > 𝑅(𝜎𝑛

2, 𝜎2) where 𝑅 represents a risk
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