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Introduction

§1

1.1 Evaluation

¢ 0.4 Continuous Assessment +0.6 Exam.
o Breakdown : 80% midterm, 20% Quiz (scheduled for 26/01).

1.2 Statistical Model

DEFINITION 1.1 (STATISTICAL MODEL) — A statistical model is a probability space (2, A, P)
where P is a family of probability distributions {F,;0 € ©}.

o If dp € N*,© C RP : parametric model.
¢ Otherwise : non-parametric model.

EXAMPLE 1.2 (FAMILIES OF DISTRIBUTIONS) —
e Poisson distributions : P = {P(\); A > 0}.
e Regular density : P = {P;P whose density admits a bounded second derivative}.

DEFINITION 1.3 (OBSERVATION) — An observation is a random variable (r.v.) whose distri-
bution belongs to {F,0 € ©}. Our observation will have a structure of n-samples Xy, ..., X,,
i.i.d. (independent and identically distributed) with a common distribution € {F,,0 € ©}.

REMARK 1.4 — (X4, ..., X,,) has distribution P". The sample contains all information about
F,, thus about 6. o

DEFINITION 1.5 (IDENTIFIABILITY) — A model is identifiable if and only if (iff) the mapping
0 — Fy is injective.

1.3 Estimators

Hypothesis : We observe Xj,..., X, ii.d. from a common distribution € {F,,6 € © C RP}

n
(identifiable parametric model). Let 6* be the true unknown value such that Py = F.

DEFINITION 1.6 (ESTIMATOR) — An estimator of 0 is a measurable function of the sample
(X1, ...,X,,) and independent of 8 (computable from the data).

Notation : § = 6, = h(X,, ..., X, ). It is a random variable.
Examples : 6 = X, 6 = X, — Xj, etc.

Fundamental Questions :
1. How to define a good estimator ?
2. How to construct a good estimator ?
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1.4 Quadratic Risk
Idea : On average, 6 should be close to 8. We look at E[é — 0].

DEFINITION 1.7 (B1as) — The bias of 0 is defined by
B(6,0) =E[0] —0

We say that 0 is unbiased if B(é, 0) =0.

DEFINITION 1.8 (QuaDRATIC Risk / MSE) —

R(0,0) = E[(é _ 9)2]

This is the Mean Squared Error (MSE) in English.

We say that 6, is better than 6, if and only if R(él, 9) < R(é% 6).
1.4.1 Example : Poisson Model

Let X, ..., X,, be distributed according to a F, Poisson law, with 6 > 0. We seek an estimator
for 0 = E[X,].
Let’s propose : = X = %2:21 X;.

Bias Calculation :
B(6,6) =E [% ix] —0

_1 Z]E[Xl] — 6 (by linearity)
n

=1
L R0
n
—0-0-0

Thus E[Y] = 0, is the unbiased estimator.

Risk Calculation :
R(0,6) =E[(X-6)"]| =E[(X—E[X])"]
= Var(X) = Var(% 3 X¢>
= % Z Var(X;) (because i.i.d)
Var(X;) ¢

1
:m-n-Var(Xl):—n =

THEOREM 1.9 (BI1AS-VARIANCE DECOMPOSITION OF RISK) —
R(9,8) = (B(6,6))" + Var(8)

Proof.
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O
1.5 Consistency
Asymptotic property. We only consider consistent estimators.
DEFINITION 1.10 (CONSISTENCY) — Let (X, ..., X)) be i.i.d. from distribution By. Let 6, =
h(X,,....X,). 0, is a consistent (or convergent) estimator of 0 if and only if :
.~ P
6, — 0
n—+0oo
~ N p-s.
REMARK 1.11 — 8, is strongly consistent if and only if 6, — 0. o

n—+o0o

1.5.1 Example : Revisiting the Poisson model
=R, 4, =X

¢ We can invoke the Law of Large Numbers (LLN) : X N E[X;] = 6.
e Via the quadratic risk :

R(d,,6) =Var(X) =2 — 0

n n—+oo
According to Bienaymé-Chebyshev’s inequality :

E[(0.—0)] r(4.0)

—0
g2 g2

P(|f, -0l >¢) <

1.5.2 “Plug-in” Method
Let (Xi, ..., X,,) be ii.d. Poisson(f). We want to estimate 8 = P(X; = 0) = e~?.

/3 is consistent for estimating .

LEMMA 1.12 (CONTINUOUS MAPPING LEMMA) — If Z, N Z, then h(Z,) N h(Z) for any

continuous function h. o
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Estimators

52

2.1 Parametric Framework

2.1.1 Parametric statistical model

We have an observation (X3, ..., X,,), an i.i.d random variable sample (independent, identically
distributed) with common distribution P belonging to a parameterized family of probability

distributions {F gcocpo }-
REMARK 2.1 — If © C infinite-dimensional space — non-parametric model. o
Estimating P is estimating 6 € RP.

EXAMPLE 2.2 — Bernoulli (8), Exp (8), N (u,0?), density distribution fo(x) = 021 ,¢10 110

NOTATION 2.3 — Ey [h(X;, ..., X,)], O[h(Xy, ..., X,,)]
Distribution of (X, ..., X,,) — B&" o

DEFINITION 2.4 (ESTIMATEUR) —

=0, =h(Xy,...X,)

DEFINITION 2.5 (QUALITE) —
e Risque

R(0,0) = E, [(9 _ 9)2]

e (Consistance

DEFINITION 2.6 (MODELE IDENTIFIABLE) —

0 — F, injective

2.2 Method of moments

DEFINITION 2.7 — The theoretical moment of the distribution of X, of order k is called:

Mk:E[Xik]’ k=1

DEFINITION 2.8 — The empirical moment of the distribution of X, of order k is called:
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> xt
=1

AN

ﬂk:

P

By the law of large numbers i, — p.
n—+oo
The method of moments: if we can write 6 or g(6) , the parameter of interest, as a function

of the k first theoretical moments.
0= Ly, o iiy)

then the estimator
0=L(fy; - 'u’k)

is obtained by the method.
EXAMPLE 2.9 (CALCULATIONS OF ESTIMATORS USING THE METHOD OF MOMENTS) —

e X, ~ Bernoulli(6) with values 0-1,

1< —
f=PX,=1)=EX,]—> — X, =X
(X=1)=FX] 5 30X,
0= /%1, by the method of moments,

=L _ L
251 X
1 1
O(X,) = - = 0% =
K= X2~ BIX.]
1

i.i.d. from the distribution Py with density

[ Xl""’X’I'L
fo(z) = 9330711%[0,1]

1 ) 0

EdXJ:H/(; T d$=m

Method of moments:

E[X;]

O+ 1py =0<=0(1—py) =py <= 0= 1= E[X]

=>éM=l_,,P9(7=1) =B(X,=X,=..=X,=1)=0
1-X "
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2.3 Rendered on the C.A.L.

(C.A.L. = Continuous Applications Lemma) (X,) _,
converges toPX , what can be sz;gid about g(Xn)n2 7 1f g is continuous, C.A.L. applies.
o if X — X then ¢g(X,,) - 9(X)
o if X, — X then g(X,,) — g(X)

sequence of random variables. If X,

REMARK 2.10 (SUFFICIENT CONDITION) —

D, = {points of discontinuity of g}

if P(X € Dg) =0, the C.A.L. holds true. o

ExAMPLE 2.11 —

e LLN:X 2 EX
e CAL:g(X)=

|

s g(E[X)) =6

C.A.L. for pairs orf sequences of random Vari%bles:
o if (X,,,Y,) — (X,Y), then g(X,,,Y,) — g(X,Y), if g: R? — R or R? is continuous

n' n n» —n

. if (X,,Y,) <> (X,Y), then g(X,,Y,) — g(X,Y)
EXAMPLE 2.12 —
o 1

consistent?

6, = —
\/% Z?:l Xi2 B (X)

LLN. -
e X —py
o 1 n X2 i)
n i=1 7 Ko
therefore

X P M1)
1 2| — (
(E Ziil X’L ) Ho
1

g9(z,y) = N — M consistent for 0, g is continuous except at {(z,y) € R?,y = 2?} of

measure zero.

But this is false for convergence in distribution. o

PROPOSITION 2.13 (CONVERGENCE OF PAIRS) —

(Xn)L(X> o Xa— X
Y, Y Y, &Y

Proof.
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o = then C.A.L. g(z,y) = z is continuous, so X,, - X and ¥, - Y
e <= convergence of the pair?

Ve > 0,P(|X,, — X| + Y, = Y| > ) < P(IX, - X] >§)+P(\Yn—Y]>%)

—0 —0

This converse is false for convergence in distribution!

2.3.1 Empirical Variance

If the X; have an expectation p and a variance o2, we call the empirical variance
1 <& —2 1 1= N
~2 2 2
0 = — X, —X) =— X5+ — Xe—— X, X

1 & S —
=-> X2+ X?-2XX =457
ni=

the moments estimator:

7

o® = E[X?] — E[X,)?

We replace theoretical moments with empirical moments

~M 1 n — 2
— o2 :E;Xf—(X)

2
. La2 1
Consistency: 62 = poy Z:-L:l Xi2 B (X) !

— P J—
X — E[X cv en proba X LAC
1] AN 1 «n 2 | — 62 which is consistent with Var(X) = F[X?] — E[X]?
[X?] n 2im i

EXAMPLE 2.14 —
2

e calculate the bias of 6,

e calculate the risk of 6,%

2.4 Maximum likelihood method

2.4.1 Given model

(By) pee 1S given if there exists a measure y (positive o -defined — X, with values in £, E = U
E, with p(E,) finite) such that V6, F, admits a density with respect to p.

2.4.2 In practice

o either E is at most countable: 4 = counting measure. If 3,{ay,ay,...} s.t. 37, F(X; =
ap) =1, then p =37 4, with §,({a}) =1 Dirac measure. -

ExAMPLE 2.15 — Bernoulli (0), X, = 1, probabilities 0 — p = d, + 6; We will write
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fo(z) = B({z}) — B(X; =) with z € {a),a,,...}

N——
=1-6
o
o or E=RRP, then f, is the usual density
fo density of F,
DEFINITION 2.16 — We call the likelihood of the sample (X4, ..., X,,) the function
06— L, (0)= H fo(X;) (random variable)
i=1
DEFINITION 2.17 — A maximum likelihood estimator éMV is defined by:
V6 €®,L,(0) < L,(9)
We often work with the log-likelihood
log L, (0) = Zln fo(X;) sum of random variables
i=1
log L, (é) = suplog L,,(6)
0c®
REMARK 2.18 — 0 is a random variable
0,
03
x
o

fdsa

EXAMPLE 2.19 —
e Bernoulli(f), f,(x) = 6*(1 —0)'=*, X, taking values 0-1

10
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L,0) =651 —0)—% == X1 —g) i X
=1

log L, (0) = (Zn: Xi) In6 + (n — zn:Xz> In(1—6)

_ Yo X n=Y0 X _ Yy Xi—nb (X-0)

(log L, )" (0) 9 1-6 6(1—0)

Likelihood equation:

(logL,)'(0) =0 <= (1 —a)zn:Xi = (n—iXZ)H
=1 =1
i X

@Zn:Xi:n0:>0:
i—1 n

Is the critical point a maximum?
The derivative changes sign at X — we indeed have a mazimum — oMV =X
Second-order condition, if (log L,)" (6) < 0 for all @ = log L,, is concave => global
mazximum

” _ 7 v

11
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Fisher Information, efficiency

83

Let (PB)) © C RP? (identifiable, given). Let f, be the density of P,

Supp fy = {x €EE, foz) > 0}

Given (X4, ..., X,,), i.i.d. from distribution Py and 6 — L(0) = H:zl fo(x,) as the likelihood of

n
the sample. On Supp f, we can calculate

0ece’

log Ly,g) = Y _log fyx,)
=1

0= argmaxgcg log Ly, g

PROPOSITION 3.1 — If § MLE" for 0, g(é) is an MLE for g(0)

Objective: what “better” estimator can we have? — regular model

3.1 Regular Model

DEFINITION 8.2 = The model (F),_ is said to be regular if
1. © is an open set and 0 = fq, is ct
2. Supp fy does not depend on 6: S = {a:, Joz) > 0}
3. For all 8, the mapping

i ()
fo)

T = fo(z)>0

is integrable (L, p) and the integral

18 continuous on ©.

NoTaTIoN 3.3 — We denote the derivative of fy,) with respect to 0: %(m) The quantity 1(6)
is called the Fisher Information of the model. o

EXAMPLE 3.4 —
e fo) = e~ density with respect to p(dz) = 1,5¢dx

0 e is C>® on O =]0, 4+oo[, Supp fp = R,

%(x) = (1—xz0)e

'MLE = Maximum Likelihood Estimator

12
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2672
(1—z60)2(e =) _ (1—.7:0)26_x0
fe—f 0
(1 — z0)? Y
1 2
= 5 Ey(1— X0)

- 9%[1 —20E(X) + 0*E(X?)]

continuous on )0, 00|

ExaMPLE 3.5 — Bernoulli(d), z = 0.1, fy

For allz € {0,1}, 0 fy(y is Cc!

02

y =110, fon) =0, density with respect to &, + 0,

of 2

Cr

fo0) 1-6
9for) )2
(%) ISP B S
fory 0 “1-0"90 81-—0

continuous on |0, 1]

EXAMPLE 3.6 — fp(,) = %11[0’9] () = %]]'[x,+oo[(0) non-regular model

3.2 Score and Fisher Information

(Xl’ cee

, X,,) 1.i.d. following the law of B, fy

DEFINITION 3.7 — We call score or
25108 Ly = Spe) = 2or_, #5108 fo(X;)

score wvector the derivative of the log-likelihood

EXAMPLE 3.8 — X; ~ &(0), L, = 0"

n@)=75—->" X—i

REMARK 3.9 —

E(S, (0)) = E[n(

Supplementary regularity hypothesis: (H)
integrals exist and are equal:

GZiXi’ 1ogLn(0) :nlog@—ezixi, hence S —
&

1

0

2. X

n

)

for any estimator h(X) and any 6, the following

o

13
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) B of
55 | h@ otz = [ he) e

S

REMARK 3.10 — condition for applying Lebesgue’s differentiation theorem.

hsélgl 89( z)| € Ly (p)
<
PROPOSITION 3.11 — Under (H), the score is centered (FBy), n =1
=1
E, [8 log L, (9)] / 0 \og fy(x)dz /%f"(’”mdg;:/%(x)dm _ Q/Mx)dx:o
09 90 o Jot) 5 0 7, 9

DEFINITION 3.12 — The Fisher information associated with (Xq, ..., X,,)

5 27 cor. deiz:prop 1 Olog L, (0)
In(o) = E [ ( log Ln(G)) ] = = Varg |:—n:|
def 96 ;

—

2 ) 2 )
)Eq [% log fg(Xl)] = /5 (aofeil’)) fo(x)dx = /5 M = "expression from definition

|

PRrRoPOSITION 3.14 —

indeed,

I,(6) =Var(%logLn(9)) = Var (iz:;%logfe(Xi)> = = ZVar( log fp(X )) =

independance 1=

= nVar(aae log fo(Xl)) = nI(0)

EXAMPLE 3.15 — (X, ..., X)) i.i.d P(0), fy(z) = e 9%

!

logL, (0) =—nf+ (Z Xi) log 6 — logﬁ X;!
i=1

14

=
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0 B Y X, B Xy 1 o
ﬁlogLn(H)——n+T:>In(c9)—Var( 7 )_92n0_ 7

3.3 Fisher Information and Second Derivative

PROPOSITION 3.16 — Adding that 0  f,(x) is C? and that (H) holds for 50—922, then Fisher’s
information can also be written as

0?log L,, ()
I,() = —E, | ——"
n( ) 0 962
if 6 is MLE, L >0
n=1
5 Pan) ()’
gz 108 fo(2) = “F™= — S
2 92 fo(w) (%9)2
E log f4(X,)| = / 06 dz S~ dx
[am | = e ] @)
1(6)

If the curve is very “peaked” at the MLE (i.e., Fisher information is large), then the MLE is
precisely localized.

3.4 Cramer-Rao Inequality
Let g(0) be the parameter of interest where g : © — R

PROPOSITION 3.17 — Under the assumptions of a reqular model, if for all 8, I(6) > 0, then
for any sans biais estimator T = T(X1, ..., X,,), E,T? < +00, we have

15
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(9'(8)*) _ (4'(6)"
Vo € ©,Vary(T) > o)~ nld)
Proof.
V0 Eyr (0)
= 2 B,T) = g(6)
nex) & 2 / )z = ¢/ (0)
Sl
e [ @B S i =g 0
o [@@ - a0 B i = g0
O
Cauchy-Schwarz Inequality for (hy, hy) = [ hq(z fo(x)dz with hy(X) and hy(X) centered

o 3 2
- 55.f0(®) a2 o) — 2 ¢ (Vdi 56f0(T) o\
((T(X) 9(9),—f9<x) >9) = (9'(9)) ZT,;/(T( ) —9(0))* fo(x)d X/( @) ) fo(z)d

=Vary(T)

~1(0)

DEFINITION 3.18 — If T attains the equality, then T is called efficient.

16
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Asymptotic study of estimators

§4

In a regular parametric model, if én is an estimator of #, then

R 1 1
var(0,) > L nI(6)

if Var (én) = #W) and it is unbiased, 0, is efficient efficient
Asymptotic: n — 400,

A~

1
nVar( 'n) n—>_+>oo m

4.1 Convergences
(Xn)n> o Sequence of real random variables (Rd)

<
 convergence in distribution: X, - X iff P(X,, <z) — P(X < ) at every continuity
n—+oo

point of z.

LEMMA 4.1 (LEMME DE PORTMANTEAU) — Fquivalent characterizations:
e For any bounded continuous function h,

E[h(X,)] — E[MX)]

= convergence in distribution is stable under continuous mappings (CMT) MAILS it is

£ £ £
generally faux that if X,, — X and Y, — 'Y then (§"> — (if)

n

This is true in 3 cases:

1. i
i {Vn, X,, et Y, sont indépendantes alors {Convergence en loi de X, et

X et Y sont indépendantes convergence en loi du couple ( ")

<X S

2.
P
ey = ()5 6) =6 = 6)
y By o \% v) 7\, Y

3. (Slutsky’s Lemma) (the most important)

by applying the CMT,

17
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h(z,y) =z +vy Xn+Y;Li>X+c
£ L
=2y XY ——cX
z X, < X
= — _ — —
Y n c

4.2 Consistency of Estimators

DEFINITION 4.2 — én 1s asymptotically unbiased if and only if

Biais(6,,,60) = E[0,] -0 — 0

n—+0oo

REMARK 4.3 — Convergence in probability does not imply convergence of expectations.

P
If X, — X, |X,| <Y €L’ then by dominated convergence X, — X in L,

.2 —\2
EXAMPLE 4.4 — 7 =1Y" (X. —-X) =1y Xx2_ (X moment estimator for T2 =
n i=1 7 n A

n

B[X?)] - (B[X])®

Biais(72,7%) = ——72 asymptotically unbiased
n

Consistency of 722

Tools to show consistency:

LLN

z'fR(én, 9) — 0 then én is consistent because L? = convergence implies convergence in

probability
return to the definition of convergence in probability

if (X;) are i.i.d., then (X?) is i.i.d.
E[X?] < +o00

LIN: 150, X2 = B[X?] =12 — 12 .

X — p (LLN), CMT with h(z) = 2?: (X)" — p?
%zl1 X’Lz P 7'2_!1'2

Therefore ( %éXi ) — ( " )

CMT h(z,y) =z — y?

—\2 P
Therefore %ZXZZ — (X) — 24 p?—p? =12

4.3 Asymptotic normality of én for 6.

— Question: what is the convergence rate of 9n towards 6 7

(X, X

) i.i.d., with expectation 6, § = X with variance 72(6)

18
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CLT \/ﬁ(y — 0) Ny N(0,72(0)) regardless of the distribution of X;

DEFINITION 4.5 — én 18 an asymptotically normal estimator if and only if

e convergence rate in \/n
e convergence in distribution
o limiting distribution is normal

Va9, —8) = Z ~ N(0,72(9))

EXAMPLE 4.6 — Is 72 asymptotically normal?

2

(X1, ., X,,) i.7.d. with expectation w, with variance T

7

2 IS (R = L ()

=1

S

i(Xi — 1) (M —7)

—2(u %) (X)

o CLT: if (X,) are i.i.d., then (X; — p)° are i.i.d. with expectation 72,

n

\/FLGZ(Xi—uf—T?) L 2~ N (0,uy )
i=1

)

En(or2) 25

—0 lemme de Slutsky S 2 £
= V(X = p) —0

V(=12 5 Z40

n—+oo

Therefore 72 is an asymptotically normal estimator o

REMARK 4.7 — \/ﬁ@n—ﬁ) N N(O,TQ)(:)M N N(0,1) Application of

n—+oo n—+oo
Slutsky’s Lemma: if 72 is a consistent estimator of T2, then we still have

V(8. —0) 2 N0, 1)

3

»

Proof.

19
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Vao-9) _ («ﬁ@) “(3)

T T
—_———
N ——— P
—1

Lz (0,1)

<
— 1 x Z by Slutsky's Lemma and consistency of 7

O
4.4 )-method
6 asymptotically normal estimator: what is the asymptotic distribution of 9(0)?
LEMMA 4.8 (METHODE DELTA) — Let Z, be a sequence of real random variables s.t.
(2, —p) s Z ~ N(0,7%)
Let g be a differentiable function, g’(n) # 0. Under these assumptions, we have
< - W2 o
Vilg(Z,) —gw] > Z~N(0,(g' (1))
g(@) =g(u) +¢'(w)(z —p) + (z — ) R(z — p) where R(y) — 0
Vlg(Z,) — 9(n) = ¢’ (WVn(Z, — p) + (Vn)(Z, — WR(Z, — )
L2 (0,72) Zn(0,72) Loor
—N(0,(g (n)*2)
Do we have Z, i w?
7
P(X, — > e) :P(\/ﬁ\ n—Hl \/56)
T T
7 _ _
(Yt V) (VL) R
T T T T
() () o()
T T T
o
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Empirical Distribution Function

85

(Xy, ..., X,,) i.i.d. real-valued sample from an unknown distribution F'.

vz €R,F(z) = P(X, <z) = E[1x,.,]

DEFINITION 5.1 — The empirical distribution function associated with (X, ..., X,,) is defined
by:

E R—10,1]
1 n

T _Z]lXﬁw
=

Vi € R, F,(x) is a random variable, an estimator of F(z).

DEFINITION 5.2 — Empirical Law B, = %Zyzl dx, is a discrete uniform law on {Xy, ..., X, }.

Graphical Representation
Conditionally X; =z, X, = z,,..., X, = 2,

Ty < () < ... < T(n) ordered values

fdsa

PROPOSITION 5.3 (IMMEDIATE PROPERTIES) —
e nF (z) = Z?: 1y <, follows the binomial distribution (n, F(z))
. R(ﬁ’n(x), F(x)) =0+ #Var(zyzl leigz) = 2F(z)(1—F(z)) — 0  therefore

. n—+oo
indep

A P
Ve e R, F,(z) — F(x)
e or LGN: F, () is a consistent estimator of F(z).
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o We have a uniform convergence result:

sup|E (z) — F(z)| I (Glivenko-Cantelli Theorem)

R n—+oo

2

e Is F, (x) asymptotically normal?

n

Ly
- I]-X-Sx
N

CLT: the X, are i.i.d., so the {lxigm = Y;} are 1.1.d.

A

Ve, F(z) €0,1], vna(E,(x) - F)) > N(0,F(x)(1 - F(x)))

n n—+oo

n

E (zx)—F
Fla)(1_Flz)) n+oo

5.1 Empirical Estimation

plug—ln or substitution method, parameter of interest § = ¢(F'), the empirical method defines
0 an empirical estimator by replacing F' with F — 0 =c Fn)

EXAMPLE 5.4 — 0 = Ep(X) = 0, = Eq (X)= Z;’Zl X; x L =X if X; are distinct

0 = Varp(X) = 6, = Var, (X) = %Z (x,-X)°

5.2 Generalized Inverse

DEFINITION 5.5 — The generalized inverse of F' is defined by:
“1:[0,1] —R
Va € [0,1], F (o) = inf{z € R, F(z) > a}

If F is strictly increasing, infz such that F(x) > a < x > F~1(a), if F is the function of a
discrete distribution.

2Glivenko-Cantelli Thm: https://fr.wikipedia.org/wiki/Th%C3%A90r%C3%A8me__de_ Glivenko-Cantelli
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EXAMPLE 5.6 —

Flla)=reFlr)=aePX<z)=a<PX>2)=1—«

Vocabulary:
e F1is also called the quantile function

e F!(a) = a-order quantile, of the distribution F
. F_l(i) = 1st quantile

. F_l(%) = median

. F_l(%) = 3rd quantile

LEMMA 5.7 — U a random variable on [0,1], F a c.d.f., then F~Y(U) is a random variable
with distribution F o

o If F' is bijective:
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P(FY(U)<3) = PU<F()) = F(z)
F bijective car P(U<z)=z sur [0,1]

o If F is discrete: F~! generalized inverse: F~1(y) <z < y < F(z)

5.3 Empirical Quantile

DEFINITION 5.8 — We define the empirical quantile (sample quantile) of order «, as the

quantile of Fn :

PROPOSITION 5.9 —
e It can be shown that 4, o, = X(jq)) where X3y < X(g) < ... < X
of (X;)

n) is the ordered sample
1<i<n

[u] = the smallest integer > u

EXAMPLE 5.10 — a = 1, [2],

sin =2k medianne = ¢, 1 = Xy,
sin=2k+1 medianne = §

n,% X(k+1)

o Consistency

if a €]0,1[, if F is strictly increasing in the neighborhood of «
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Confidence Intervals

86

6.1 Definitions

(Xy,..., X,,) i.id. from distribution P € {F;,0 € © C RP}, we are interested in § € R or g(0) :
RP — R.

A confidence interval for 6, with a confidence level of 1 —a,a €]0,1] is an interval whose
bounds are random, functions of the sample and do NOT depend on the unknown parameters
of the model, and such that

P([Binf(Xy,...,X,,); Bsup(X,..,X,)]|20) > 1—«

e A CI is computable from the data

« if the inequality is an equality =, the confidence level is exact.

o if we have P (6 € [Binf, Bsup]) 7 1 — a, the level is asymptotic.
n—+oo

o generally o = 1%, 5%

6.2 Interpretation

) IC = [Binf(X4, ..., X,,), Bsup(Xy, ..., X,,)]

(‘-’Cu—) xn) mathematical formula that guarantees the level
(50, —,xn)®™
(o, —_ 'xn)cs) x,, a realization of the random sample. We
(>, — ,'xn\c"ﬂ calculate IC = [2.3;5.1] with a confidence level

95% (a = 5%).

1—a. We observe X; =z, X, =2,,..,X,, =

' On average, out of 100 calculated intervals
l (using the same formula), there are 5 intervals
|

‘that do not contain 6.
o P(0 € [Binf,Bsup]) =1 —«
P(0 € [2.3;5-11)="95% because 6 is a number
6.3 Pivotal Method

(X,,...,X,) i.i.d. with expectation @ € R, with variance o2(6). Let 8 be asymptotically normal:

Vi(0, —6) = N(0,0%(6))

n—-+oo
V(0 —6)
@ e O

By definition of Gaussian quantiles, g, = ® !(a) where @ is the c.d.f. of N(0,1)

3Binf for lower bound and Bsup for upper bound
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ol/2 /2

I
q¥, | Q- /2

6—6 . . A
* pivot or pivotal statistic = \/ﬁ(& ) a centered and reduced statistic derived from 6, where

a2(0) is estimated by 62, consistent for estimating o2(0).

If this is the case,

vi(d—0) o0

<
— N(0,1) par lemme de Slutsky

>< A
g ( 0 ) 62 n—+00
—_—— S—r
< o
— N (07 1) estimateur consistant

6 as. normal

e we deduce
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Supplements (before midterm)

§7

Review of asymptotic normality
Example

Asymptotic pivot

Example 2

_ s W e

Asymptotic properties of a sequence of estimators (9n) .
nz

.~ P
e Consistency 6,, — 0
o Asymptotic normality, if there exists o2 > 0

Va(d,—8) = N(0,0?)

n—+0oo

In general, if there exists v, — +o00
n—+oo

n

£
Un(é _9) —Y
We say that 9n converges at rate Ul

REMARK 7.1 — If én is asymptotically normal = én is consistent

Vi(9, —8) =50
Yo 7

Slutsky

A 1
0, —0= —
n \/ﬁ
—
—0 —N(0,02)

d-method

If g is differentiable at 1,

6-method

27



Statistical Inference Course Notes — Yehor KOROTENKO

A

V0, —6) 5z ~ N0, 1)

g differentiable at 6
g(z) =g(0) + ¢ (0)[(z — 0) + r(x)] where r(x) z:>0 0

S
l
SN
2
g
(S
>
Qa
£
N——
l
=
=
o

N A A N L 2
0,)—g0)) = 0,—06)|g (0 0 6,)—g(0 " Z ~N(0,(g' (0
Vn(g(6,) —9(0)) = vn(8,, —0) |g'(6) +7(8,) S@kyx/ﬁ(g( a) —9(0)) = g'(6) (0,(g'(6))%)
“z Zg'(0)
EXAMPLE 7.2 — X,,..,X,, with density distribution f(z)= i Tz >0,p=E[X,]>0 p
estimated by i = X efficient? log L, (u) = —nlogu %Z? 1 X
Var(g) = — Var( 3 X LS Var(x,) = Lvar(x) = £ pjg)
T = — I . = — I . = — I L) = — =
ar{p n2 & - i i;igpn2i a li:’:i_na i n’ K ©
0 n 1
52008 L) =~ + 5 3(X)
n 1
In(u):Var —;-’-EZXZ
1
=l?Var( Xi)
n
_IFVELI'(Xz)
n
T = 72

1 - Therefore, fi is efficient.

n(p

Qi is unbiased and Var(fi) =

<
CLT: /n(fi,, — p) — N(0,u?) = Var(g,) = “72 = wariance of the asymptotic Gaussian

distribution

Wﬂze asymptotic distribution for
Ynlba=) s 27 (0,1)
n

e another parametrization: (X, ..., X,,) i.i.d. f(z) = e 2 >0

1 1
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log L,,(0) = nlogf— 0 _ X,
i=1

1=

9 _n_ AMV _
%(1OgLn)(9) =3 > X, = M =

< I = Var(g - ZX) =Var(}_X;) =

REMARK 7.3 — cf. TD1: nX ~ I'(n, )

Pl =

1 2
E[L_] = o and Var — | = o
nX] n-—1 nX (n—1)(n—2)
o
E[é] =n 4
X n—1
~ n—1x .
0= # unbiased
n
—1\2 _1)2 2
Var(f) = (” 1) Var(é> StV 3 (N (E[;D
n (7) X
—Mx 720? _(n—1)2 n? 02
- A7 (n—~T)(n—2) n?2 (n—1)2
-1 2
— g2 — 0?2 = o > not efficient
n—2 n—2 - I,qg
BCR
= 1\ <« 1
vilX-3) 5 (0.5)
0 is asymptotically efficient X asymptotically normal (CLT). g(z) = 1 on 0, +oo[, ¢/ (z) =
—z—lg #+ 0, delta method:
1 < (1 1 4
V(s =) = o (3) ¥ (0.) :N(O’ﬁ =92)
—2
o

7.2 Pivot (asymptotic) or pivotal statistic

DEFINITION 7.4 — A statistic whose distribution does not depend on unknown parameters

EXAMPLE 7.5 — X, ..., X,, 4.i.d. Bernoulli(#) with 6 €]0,1]:
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%KY—ﬁ)EgNmﬁu—eﬁ

X -0 <
@»Vﬁ—a?ra-—+NmJ)

pivot ou stat. pivotale

Pivotal method for CI: We estimate 1/6(1 — 6) by \/9(1 —0 using the “plug-in” method with
the LAC function g(x) = \/z(1 — ) for x €]0, 1], where é(l — é)
of v/0(1—0)

1s a consistent estimator

0—0 0—0 9(1—6
Vi = i i
6(1-9) 0(1—6) ¢91—
~>N(01)
TLC —> 1

consistant

EXAMPLE 7.6 — (X1, ..., X,,) from a density with 6 > 0. fy(z) = 322 exp(—%:)llmzo
MLE?

’ n 1 5 52X}
(logL,) (0) = —5+0—22X. = 0=

2 A
(logL,)" (6) = 25 Z i (log L,,) (0) = Zpf= —;—2 < 0 + uniqueness

= global maximum

CLT:

n(6—6
. Vﬁ% )£+N®J)
pivot asymptotique
n(0—0
= \/_( _ ) — N(0,1)
Slutsky 0

s and q,_o quantiles of N(0,1)
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n(0—0
P(qag\/_(A )<11 a) — 11—«
2 9 2 n—+oo
6 4 6
P qgﬁgﬁ—eﬁqk%% — 11—«
P é—qk ig@gé—q i —1—a

=1IC(0) de niveau asymptotique (1—ca)

31



Statistical Inference Course Notes — Yehor KOROTENKO

Estimation in GGaussian samples

58

Normal distribution and derived distributions
Distribution of empirical estimators

CI of parameters

Exercise

Ll

8.1 Normal distribution and derived distributions

DEFINITION 8.1 — Z is said to be standard Gaussian (normal) if its distribution has the
density function

1 2
flz) = ez, zeR

We denote Z ~ N(0,1).
X is said to follow a normal distribution with parameters u € R and o2 > 0 if and only if
X=p+oz
denoted
X ~N(u,0?)

Other characterizations of the normal distribution:
e by its density function

e by the moment generating function

M(t) = E[etX] = e 37" vt ¢ R

REMARK 8.2 —
e If 0?2 =0 — X = pu almost surely
o if Xi ~N(py,0%), Xy~ N(ug,03) and X € R, then
AXy + Xo ~ N( Ay + pip, N207 + 03)

Central moments: symmetric density with respect to p
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— N(0,1)
Student(3)

=

L
| E— T T

4 -3 -2 -1 0 1 2 3 4=

centered moments: E[(X — u)*]

e all odd-order centered moments are zero

_ (2K 2k
* Hop = g0

0 E[(X —u)t] = 30*
0 Var(X) = E[(X — p)?] = 02

DEFINITION 8.3 — (X,...,X,) i.i.d. sample from N(0,1). The distribution of X? + X2 +
.+ X2 is called the x? (chi-squared) distribution with d degrees of freedom (df).

f(z)

COROLLARY 8.4 —
e if Y follows a x%(d) distribution, E[Y] =d, Var(Y) = 2d

Var(X; +..+X7) = d  Var(X?)
N —— e’

indep 5
EX'=E[X?]"=3-1=2

e support R,
e M(t)=(1—2t)"%, (t<})

DEFINITION 8.5 — if X ~ N (0,1) and Y ~ x%(d) are independent, the distribution of Z =
X is called Student’s t-distribution with d df.

Y

d

REMARK 8.6 — if d — +o00, Student’s t-distribution converges to the distribution N (0,1)
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Y 1
’l dé p Z where U; ~ N (0, 1) are mutually independent, such that X
i=1
— E(U?) =1
LGN

therefore (LAC)

<
by Slutsky’s Lemma Z — 1- X ~ N(0,1)

We introduce (X3, ..., X,,) i.i.d. N (u,0?) where p and 0% are unknown parameters.
e S u=EX]wi=X ,
e & 0?2 =Var(X;) w o2 = %Z:(XZ —7)

Let 2 = L Z?Zl (X —1 —Y)z unbiased

8.2 Law of Empirical Estimators

THEOREM 8.7 (LAW OF /i AND 62) -
e X and Zi:]?(X X) are random variables independent
« XN (%)
1 w2 2 n&? 2 (n—1)S% 2
. EZ'L 1(Xi—X> ~x(n—1) =25 ~x*(n—1) and ——== ~ x*(n—1)
~ Student(n — 1)
T

X and (7 X, —-X,..,X, X) are independent

Proof.
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M(u, [ tn) =F [euf-‘rtl (XI—Y)+,..+tn (Xn_y)]

- I
=F]|e % LelFtt)X,

=F _ﬁ e(z,+tit)Xi]

i=1

X, indep. = ﬁ E [e(“n“i*f)Xi]

i=1

M(u,+t;—1)

— 2 —2
el (Grtti—t)+% (up+t;—1)

I

-
I
,_.

- 2 -2
_ ezzll p(2+t,—0)+% (u,+t;,—1)

0
Pt (D5 T (2 (6D 25 (D))

2 2 2
_ gt (T (D))

=1 i=1 %
1 & 2 -
- LS X A (X ()
1= (2
=0

1 & —\2 n 2
AN X (E

=1 ——

2
=S, (554) e (“) ~x2(1)
) (1— Qt)fg _(n-1)
by independence = M, 2(,,)(t) = M, (t) M, 2(1)(t) = M, (t) = 1203 = (1—2t)
— 2
which characterizes the x?(n — 1)

_ X—p X—p
X—p_ & _ &

Sn Sn g V1 52

N RO o

—\2
Sa > (Xi _ X) 2
therefore X 4+ S2 are independent = Student(n — 1) O
def Student
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8.3 CI of parameters
Pivot. 5% ~  Student(n — 1)

loi exacte

3

E

f(z)

2 52

2 CI = [ ng no ]

a1-gx*(n—1)” ggx*(n—1)

REMARK 8.8 — 7;—"22 ~x3(n—1) and ("_0;2)3’2’ ~x3(n—1)

>

— B

~ Student(n — 1)

S

8.4 Exercise

o Show that (ﬂ, &\2) are the MLEs of 4 and o2

e R(S%,0%) > R(5,%,0%) where R represents a risk
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