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Abstract

These are the notes taken during the OLMA251 - Analysis and Geometry course taught by Professor Christian
Gérard. These notes contain information taken during the CMs (lectures), as well as my opinion, understanding,
and things learned outside of this course.

These notes are translated into Ukrainian and English using the tool sci-trans-git [3]
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| 1
CHAPTER

INTRODUCTION

1.1 Spaces R? C¢

Definition 1.1.
RY = {X = (21,...,24),7; € R}

T1,...,xq Cartesian coordinates of X

Example 1.2. d = 2 polar coordinates:

T =1cosf
y=rsinf
0<r<oco 0€l0,2n]

Sty
2 7
11 T
0 T
5 T 2 3
_1 1

Definition 1.3. R? is a vector space over R

X‘f’?:(:pl"’yla"wxd—’—yd)
AX = (Azq,...,Azq) AER

0z =0=(0,...,0)

Definition 1.4. A scalar product:

X Y =z1y1 +xoys + ... zqyq = || X||||Y || cos(@) (where 6 is an angle between X and Y)

Intuition. This product tells us how closely the vectors point in the same direction (cosine tends to 1 when 6
tends to 02, and cosine tends to 0 when 6 tends to 90°). And this product allows us to have a projection of X




onto Y by the formula:
XY Y

Proj(X)=—— - —
IY{ (vl
X Y gives the length of X and Y together, by dividing this length by ||Y|| (the length of Y') we obtain the

length of X on Y, we still need to multiply this length by a unit vector (of length 1) that points in the same
direction as Y, (we obtain it by ﬁ)

Proposition 1.5. Scalar product respects these properties:

1. bilinearity X € R

2. symmetry X - Y =Y - X
3. positive definite: X - X >0et X - X =0& X =04

Proposition 1.6. Cauchy-Schwarz:

X Y| <(X-X)3(Y-Y)?

Definition 1.7. The Euclidean norm of a vector X is denoted:

d 3
1
| X1 = (Zm?) =4/zi+.. . +2%2=(X X)?
n=1

often denoted || X |2

Intuition. By the Pythagorean theorem, it is a length of this vector.

Proposition 1.8. The norm follows these properties:
L AX]| = MIX]| X eR, AeR
2. | X +Y]| < X]||+||Y] (triangle inequality)
3. [|[X|| >0and | X||=0< X =04

Proof. of (2)

IX+YP=(X+Y)- (X+Y)=X - (X+Y)+Y - (X+Y)=X -X+X-Y+Y - X+Y.Y
= [ XI1P +2X - Y + [V < X2+ 201X Y+ 1Y) = (12X -+ 1Y)
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Definition 1.9. A norm on R? is a map N : R — R such that:
1. N(AX) = [M\N(X)
2. N(X+Y)<NX)+N(Y)
3. NX)>0and N(X)=0< X =04

Example 1.10.

d
10 = 3 e

HMM=Q@MI

1.2 Space C*

Definition 1.11.
C?={X = (x1,...,24) : x; €C}

2€C Z=a—ib Zz=a’+b |z|=\/2_z=\/m
z=a+1b a=Rez, b=1Imz
ReX = (Rexy,...,Rexy) € R?
ImX = (Imz,...,Imzyg) € R

X =ReX +iImX
ecd €Rd4 €R4

C4 is a vector space over C (same formulas with A € C field of scalars)

Definition 1.12. Scalar product:

d
(X|Y) :Z Tiy; € C

Proposition 1.13. .
1. (X]Y) is "linear with respect to Y"

e (ZIX+Y)=(Z]X)+(2]Y)

e (ZINX)=X(Z|X) reC

o (ZINX +uY) = \NZ|X)+ u(Z|Y)
o (X+Y|2)=(X]2)+(Y|2)

e A\X|Z)=X(X|Z) XeC

o \X +uY|Z) =XX|2)+ u(Y|2)

2. (Y[X) =
3. (X]X)
(X1X)

(XTY)

> 0 and (X|X) =0& X =04
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Proof. We have Cauchy-Schwarz:

(X]Y) < (X|X)3(Y|Y)?

same proof as before

We set:

X[ Cor [1XTl2)

1
= (X|X)? = <Z 1:1|2>
Hilbertian norm
IX[1? = [[Re X||* + i [[Im X ||?
ecd €R4 [0

Lemma 1.14.
[ X1 = sup|(X]Y)]
lyl<1
Proof. [(X|Y)| < [ X[IIIY]] < [IX] st Y]] <1
sup|(X]Y)]
Ivi<i
Other meaning;:
X 1
XZ£0 Y="—=2X A=—
HXII X
Y1 = IAlIX] = 1X1 =
||X||
(X1Y) = (X757 al ) = (X]X) = |IX]|
Xl ||X||
sup{|(X[Y)]: [[Y]| <1}
X
XN < sup{|(XIY)[: [Y[| <1} (take ¥ = m)

Other norms on C¢
d
o X=Xzl Xecd

o || Xlloo = sup |zl
1<i<d

1.3 Distance on R?

We forget norm and scalar product. We introduce the distance

Definition 1.15. A distance is a mapping:

d:R* — R

(X,Y) —d((X,Y))
that follows these properties:

1. d(X,Y) =d(Y, X) (symmetry)
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2. d(X,Y) <d(X,Z)+d(Z,Y) (triangle inequality) VX,Y, Z
3. d(X,Y)>0 VX,Yandd(X,Y)=0& X =Y

Definition 1.16. The Euclidean distance

d(X,Y) =X Y| =

Example 1.17. Distances
1. d2(X,Y) = || X — Y2 (Euclidean distance on R%)

2. dy(X,Y) = ||X = Y|,
doo(X,Y) = | X = Yo

3. logarithmic distance on R;: d(a,b) = |b— af

log(a)
1 = —
OglO(a’) IOg(IO)
z,y €]0,+00]
diog(#,y) = [10g1o(3)]
i is a distance on ]0, +o00[
dhog (100, 110) = logyo(1,1)
4. SNCF distance
Y2
YA
X Y
d(X,Y) usual distance in R? we define:
X,Y)if X,0,Y aligned
5(X.Y) = d(X,Y) if X,0, algne.
d(X,0) +d(0,Y) otherwise

Proposition 1.18. Let E be a metric space and two distances d; and ds. The distances are said to be
equivalent if Ja, b € R such that:

Ve,y € E, a-di(z,y) <ds(x,y) <b-di(z,y)
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oHAPTER 2
CHAPTER

METRIC SPACES

Definition 2.1. F equipped with a distance application d (see Definition 1.15) is denoted (F, d): metric space
Remark 2.2. if dy # da (E,d;) has nothing to do with (E, dz)

Remark 2.3. Remember the following version of the triangle inequality:

Remark 2.4. Induced distance:
If (E,d) is a metric space and U C E. I can restreidnre d to U x U: (U, d) is also a metric space.

2.1 Balls in a metric space

Definition 2.5. (E,d) metric space. Let o € E and r > 0
1. B(zo,7) ={z € E : d(zo,x) < r } open ball with center xg, radius r

2. By(zo,7) ={x € E : d(zo,z) < r} closed ball with center x¢, radius r

L.
2055555825255,
P ey
55525255535552525%5,
Ay s
g
100000000000040000005050000,
£555555555555235252525255555,
B A s
A
15535525250550235257552525255%%,
Ay
153525355252525253555452525555540%,
A A s
5552525555550445080525252570525002¢
A s s T T
‘ s o ‘ ‘ 150552057 ‘
T VIV 777777 7/77770777777777 T T VIV I 777777 77 T
A, A
1.5 R 2 o o s ) 1.5 1.5
. A R A s U A3 . .
s
15255555555254508454242525555555%%
Ay s
A
A s
A
A
A
i A
A s
15525255538525555552
A
3354503255552
S

(a) open balls (i.e d(zo,z) < r) (b) closed balls (i.e d(zo,z) <)



Lemma 2.6. .

1. B(x0,0) = 0 (because it’s impossible to have points whose distance is strictly less than 0)
2. Bf(l‘o,O) = {ZZI(]}
3. B(.TQ,Tl)CBf(J?o,Tl) CB(Z‘Q,TQ) if 11 <7y

4. B(z1,r1) C B(xo,r) if d(xg,z1) +11 <71

Figure 2.2: Lemma 4

Proof. I assume that d(xg,x1) <7
Let © € B(x1,71) therefore d(z1,x) < r1 to show: © € B(zo,7) (i.e d(zo,z) < r7)
The triangle inequality states:

d(xo, ) < d(xo, 1) + d(21,7)
<d(xzo,xz1)+ri <7
=z € B(xg,T)

Example 2.7. 1. E=R, d(z,y)=|z—y]|

B(x077n) :]CUO —7r,To+ 7"[

2. E=RY d=23, X=(z1,...,24q)

2
1 X]l2 = ( xf)
=1

d
X0 =
=1

1X |00 = roacc ||

d(X,Y) = Y = X||2 = | XY |2
d1(X,Y), doo(X,Y)

Property. In R™
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2.2 Bounded sets of (E,d)

Definition 2.8. Let A C E. A is bounded if 3R > 0 and Jxg € F such that

AC B(%o,R)

Figure 2.3: Example of a bounded set

Lemma 2.9. The following properties are equivalent:
1. A is bounded
2. Yxo € E,3r > 0 such that A C B(zo, )

3. Ir > 0 such that Va,y € A we have d(z,y) <r

Proof. of lemma

e (1)=1(2):
Hypothesis: 3x; € E,3r; € E such that A C B(z1,7r1)
Let zy € E. Goal: to find r such that A C B(xo,r) if z € A, we have: d(z1,2) <r;
I want: d(zg,z) <7

d(xo,z) < d(zo,21) +d(z1,2) < d(xg,21) + 71 <7 ifr>d(xg,z1)+r

Property. 1. Every finite part is bounded
2. If A bounded and B C A then B is bounded

3. The union of a finite number of bounded sets is bounded

CHAPTER 2. METRIC SPACES 10



Proof. of (3).
Ay, ..., A, are bounded. I fix zy € E, A; bounded (1 < ¢ < n), therefore Ir; > 0 such that A; C B(xo,7;)
if r = mazxr;
1<i<n
n
Ai C B(Z‘Q,T), Vi = U Al C B(JJQ,’/‘)

i=1

2.3 Bounded functions

Definition 2.10. Let B be a set. A function F' : B — E is bounded if F(B) = {F(b) : b € B} C E is
bounded.

2.4 Distance between sets

Definition 2.11. The distance between two sets A, B is:

d(4.B)= _inf d(r.y)
x Y

Intuitively, we are looking for two points z and y such that the distance is as small as possible.

Definition 2.12. The distance between a point x and a set B is:

d(z, B) := iZ];d(x, Y)
y

The same intuition.

Property. Vax € A, y € B, d(z,y) > d(A,B) and Ve > 0,3z € A, y € B such that d(z,y) < d(A,B) +¢

Figure 2.4: Distance between sets

2.5 Topology of metric spaces

distance d(x,y) — balls B(xzg,r) — open sets

Definition 2.13. Let (E, d) be a metric space.

1. U C E is open if Vo € U, 3r > 0 r(x) such that B(zg,r) C U

CHAPTER 2. METRIC SPACES 11



2. F C E is closed if E\ F is open

() is open and E is open. () is closed and F is closed.

*2.993
E\F B(2.993,6)
0,0
B(a‘:o, 5) U
E

(a) A closed set
At the boundary, it is impossible to find balls that be- (b) An open set
long to F, because it is tmpossible to have an open ball for every point near the boundary we can find a ball
of r = 0. Example: dark blue circle infinitesimally small with points around this point in-
For every point in E\ F we can find an open ball cluded in U.

Figure 2.5: Demonstration of open and closed spaces

Remark 2.14. in R open intervals are open sets (same for closed ones)

Remark 2.15. A distance between two open sets always exists and it is the infimum (which is never
reached)

Lemma 2.16. 1. B(xg,r0) is open.

2. By(zo,70) is closed.

Proof. 1. Let 1 € B(xo,70) (d(zg,21) < 79).
Goal: find 1 > 0 such that B(z1,71) C B(xo,70)?

S B(Il,Tl) : d(fl?l,.T) <7r
x € B(xg,ro) if d(zg,2) <19

easy:

d(l’o,l’) é d(an xl) + d(xlv‘r)
< d(wo,r1) + 11
< g if

1 <’I"0—d(.730,$1) >0
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Example 2.17. bizarre.
Let E =R, d(z,y) = |y — x|, A =]0, 1] open, not closed in R.

] [
1 [
0 1

I consider A as a part of (4,d). As A\ A = () which is open, therefore A is closed in A. However, the
bounds are never reached, so A is open in (4, d).

Theorem 2.18. .

1. Let U;, i € I be a collection of open sets. Then, U;c; U; is open.
Translate: Any union of open sets is open.

2. If Uy,...,U, are open
ﬂ U; is open.
i=1

Translate: finite intersection of open sets is open.

1. Let U;, i € I be a collection of closed sets. Then, U;cy U; is closed.
Translate: Any union of closed sets is closed.

2. If Uy,...,U, are closed
n
m U; is closed.

i=1

Translate: finite intersection of closed sets is closed.

Proof. .
1. Let © € U := |J U;. There exists an ¢ denoted ig such that = € U;,, U,, is open, so Ir > 0 such that
iel
B(z,r)c U, cU:=J U;.
i€l
2. LetzeU:= () U,
1<i<n
We fix i. « € U;, U; open, so Ir; > 0 such that B(z,r) CU;, 1 <i<mn,so B(z,r) CU := U;

CHAPTER 2. METRIC SPACES 13



2.6 Algorithms to show that a set is open/closed

Show that a set is open Show that a set is closed

Use the definition :

Use the definition : E'\ V is open.

Sequential characterization : Any conver-
gent sequence in V, its limit is also in V.

Ve € U,Ir >0 such that B(x,r) CU

Show that E \ U is closed.

Show that V is the preimage of a closed set by
a continuous application.

Show that U is the preimage of an open set by
a continuous application.

Show that V is compact.

Express U as an open ball.

Write U as :

— a union of open sets ;

— a finite intersection of open sets.

U =Int(U).

Write Y = I x - -+ x I, with I; open.

2.7 Interior, closure, boundary
2.7.1 Interior

Definition 2.19. Let A C E.

1. 29 € E is interior to A if 36 > 0 such that:

B(xO,S) CcCA

2. Int(A) (interior of A) = all points interior to A. (also denoted A)

Intuition. Int(A) is a set that is entirely within A and is far from the edges of A.

Proposition 2.20. Int(A) is the largest open set included in A. Equivalently, Int(A) is the union of all
open sets included in A.

Proof. 1. Int(A) C A: clear
2. Int(A) is open:
Let xg € Int(A).
Goal: find §p such that B(zg,d9) C Int(A). Find d¢ such that if d(xg,x) < dg then x € Int(A) ?

Hyp: zo € Int(A). 361 > 0 such that B(z,01) C A. We have seen that B(zo,01) is open. I say that
B(l‘o, (51) C Int(A)

Proof: Let x € B(xg,d1). B(zo,01) is open, so 362 > 0 such that B(z,d2) C B(zg,61) C A. So
x € Int(A), so B(xo,d1) C Int(A).

Int(A) is open.

3. If U is open and U C A then U C Int(A)?
x9 € U. U open = 3§ such that B(xzg,d) CU C A = z( € Int(A)

CHAPTER 2. METRIC SPACES 14



x1, T € Int(A)
xo & Int(A)

Figure 2.6: Example of an interior

2.7.2 Adherent

Definition 2.21. Let A C E.
1. z¢ € E is adherent to A, if V6 > 0, B(xg,0) intersects A. (equivalent to d(zg, A) = 0)

2. Adh(A) (adherence or closure of A) = set of adherent points to A (also denoted A)

Intuition. Closure helps complete sets. If A is open, then its boundaries do not belong to A, but they belong
to Adh(A) .

Figure 2.7: Adherent

Proposition 2.22. Adh(A) is the smallest closed set that contains A (the intersection of all closed sets that
contain A)

Proof. 1. A C Adh(A) clear

2. Adh(A) is closed?
We show that F \ Adh(A) is open.
xo € Adh(A) & V6 > 0, B(zg,0) NA#()
xo € Adh(A) < 30¢ > 0 s.t. B(wg,00)NA =0« 35 > 0s.t. B(xg,dp) C E\A & x9 € Int(E\ A)
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Then:

Definition 2.23. Let A C B. We say that A is dense in B if B C Adh(A)
Let xg € B, Ve > 03z, € A such that d(xg,z.) < ¢

Example 2.24.
Q% = {(z,y) : 7,y € Q} dense in R?

Definition 2.25. alternative of density. Let A C B. A is dense in B if every open ball in B contains at
least one élémens of A.

2.7.3 Boundary

Definition 2.26. Let A C E. The boundary of A (or the boundary of A) denoted Fr(A) or A is:

Adh(A) N Adh(E \ A)

Example 2.27. in R
1. Int(Q) =0
2. Int(R\Q) =0
3. Adh(Q) =R
4. Adh(R\ Q) =R
5. Fr(Q) =R
6. Fr(R\ Q) =R

Example 2.28. E = {a,b,c} We set:

e d(a,a) =d(b,b) =d(c,c) =0
e d(a,b) =d(b,a) =d(b,c) =d(b,c)=1
e d(a,c) =d(c,a) =2

B(a,2) = {a,b} = Adh(B(a,2))
Bf(av 2) = {aa b) C}

Proposition 2.29. 1. Int(A) C A C Adh(A)
2. E=Int(E\ A)UFr(A)UInt(A) (disjoint union)

CHAPTER 2. METRIC SPACES 16



3. E\ Int(A) = Adh(E \ A)
4. E\ Adh(A) = Int(E \ A)
5. Fr(A) = Adh(A) \ Int(A)

Proposition 2.30. 1. A open & A = Int(A)
2. A closed & A = Adh(A)
3. € Adh(A) & d(z,A) =0
4. x € Int(A) & d(z, E\ A) >0

2.8 Sequence in a metric space

Definition 2.31. E a set. A sequence in E: denoted (up)nen it is a function v : N — E where u(n) is
denoted u,, is the the n'" term of the sequence (uy)nen-
If E=R¢
R?> X, = (@n.gos o 0 0 o Beilgn)

where (x;,)nen sequences in R

Definition 2.32. Let (z,) be a sequence in F and z € E. We say that lim,, o 2, = z if lim,_, o d(zy, z) =
0.
(Ve > 0, 3N € N such that if n > N, d(z,,z) < €)

Proposition 2.33. (z,,)nen is bounded if {z,, : n € N}(C FE) is a bounded set.

Remark 2.34. in R? equipped with dy (Euclidean distance)

X, = (ml,n; ce 7'1:d,n)
X = (x1,...,2q)

lim X, =X<& lim 2;, =2; (1<i<d)

n—oo n—oo

Proposition 2.35. the limit of a convergent sequence is unique.

Proof.
IfX, —— X and X,, —— X’

n—oo n—oo
AX, X)) < d(X, X)) +d(Xp, X)) = d(X,X)=0= X = X'
—_——— ——

—0 —0

Proposition 2.36. (link with adherence)

1. z € Adh(A) if and only if there exists a sequence (x,,) of elements from A such that lim, . z, =

CHAPTER 2. METRIC SPACES 17



2. A is closed iff for every sequence (z,,) of elements from A that converges to € E we have x € A
Intuition. 1. If (z,)nen consists of elements of A (Vn € N, x,, € A), then it converges to an element z
which can be either in A, or at the boundary of the elements of A, so at the frontier.

2. If the limit of any sequence (z,)nen of elements of A is also in A, then the boundary of A is included in
A. Because one of the sequences tends towards the boundary.

Proof. of Prop. 2.36
1. (<) Let (x,) with 2,, € A ¥n € N and lim, 00 z,, = .
I have d(z,, ) — 0 and z, € A, so
infyGA(d(x7 y)) =0=d(z,A)
d(z,A) =0 x € Adh(A)

(=) Let x € Adh(A)
Sd(z,A) =0
Ve > 0, 3z, € A such that d(z,z.) <e

Take ¢ = L, T set Up = 1. Up € A d(z,uy,) < %750 limy, oo Uy =

n’

2. (=) Let A be closed, so
A= Adh(A)

If (z,,) is a sequence in A that converges to x.
r e Adh(A) = A
(<) We say that Adh(A) C A. Since A C Adh(A), so A= Adh(A)

2.9 Cauchy Sequences

Definition 2.37. (2,,)nen sequence in E is Cauchy if:

Ve > 03N(e) € N such that Vn,p > N(e),d(zn, zp) < €

Intuition. A Cauchy sequence is like measuring a point and localizing it, i.e:
1. We say it is between 0 and 1.
2. Then, we specify more and say it is between 0.5 and 0.6.

3. Then, between 0.55 and 0.56

We can infinitely increase the level of precision. That’s the idea of a Cauchy sequence.

Proposition 2.38. 1. Every Cauchy sequence is bounded.

2. Every convergent sequence is Cauchy

Proof. 1. Let (z)nen be a Cauchy sequence. Then, by definition
Ve > 0, IN € N such that Vn,p > N, d(z,,zp) <€

Let e = 1. So 3N € N such that Vn,p > N,d(z,,z,) < 1, s0 Yn > N, d(z,,zn) < 1. We therefore

have:
=T

——
Vn € N,d(zn,zn) <14+ sup d(zn,zn)
1<i<N
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Then Vn € N, x,, € B(xn, 1+ 1) S0 (Zn)nen is bounded.
2. Let (x,) be a sequence with lim, . 2, = z with « € E.

e Hypothesis: § > 03N(5) € N such that Vn > N(5),d(zn,z) <
e To show: € > 03M(e) € N such that Vn,p > M(e),d(zy, z,) < e

Definition 2.39. (E,d) is complete if every Cauchy sequence in E is convergent.

Definition 2.40. A metric space (E, d) is complete if every sequence (x,,)nen of elements of E converges
to a limit « which also belongs to E.

Intuition. It’s not quite correct to say, but, we can say that a Cauchy sequence (x,)nen always converges
because there is a moment N € N after which the elements are very close but the limit does not always belong
to the set in which this sequence is Cauchy.

For example, a sequence (u,)nen with values in Q that converges to V2 in R. In R it is convergent and
Cauchy, but in Q it is Cauchy but not convergent because the limit v/2 ¢ Q.

Example 2.41. A metric space (]0, 1], d) with d a Euclidean distance is not complete, because consider a
sequence: T, = % whose limit is 0. However, 0 €]0, 1]. Therefore, this space is not complete.

Figure 2.8: (]0,1],d) is not complete

Example 2.42. A space (Q,d) is not complete. Because we can take a sequence 1z, tending towards

V2¢Q.

/ un trou dans un éspaces

0 1 V2

S0\Z

Figure 2.9: Q not complete

Proposition 2.43. R¢ equipped with the usual distance is complete.

Proof.
Xn = (xl,n; cee 7-Td,n)

[z —yil <d(X)Y) =[X =Yl V1<i<d
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the real sequences (x; ., )nen are Cauchy if (X,,) is Cauchy. O

Property. R is complete

Proof. (Follows from the property of the supremum)
There exists x; € R with 1 < ¢ < d such that |z;,, — ;] —— 0
n—oo

d(X,Y) < Vdmax |zi — il
1<i<d

therefore X,, —— X, X = (z1,...,24) O
n—,oo

2.10 Subsequences

Definition 2.44. Let (2, )nen a sequence in E. A sequence

(Yn)neN With yn, = Tg(n)

where ¢ : N — N is strictly increasing is called a subsequence of the sequence (z,).

Example 2.45. Let an application ¢ : N — N such that ¢(n) = 2n. Therefore (2,,)4(n) is a subsequence of
(Zn)nen and:
(Tn)g(ny = {Z0, T2, T4, ...}

Proposition 2.46. 1. Every subsequence of a convergent sequence converges to the limit of that se-
quence.

This means that, V(z,)nen such that Jz € E|lim,, o z, =z

V¢ : N — N strictly increasing, lim 4, ==
n—oo

2. If (z,,) is Cauchy and has a subsequence that converges to X, then () converges to x.

Proof. 1. Let (x,) with limz,, =z
Ve > 03M (e) such that if n > N(g),d(zp,z) <e

Let yn = w4(n) a subsequence.

e Goal: Let ¢ > 0, find N(¢) such that if n > N(¢), d( yn ,z)<e
=ar
I choose N (¢) such that if n > N(e) then ¢(n) > M(e), s0 d(yn, z)d(Tymn),z) < €. This is possible
because ¢(n) — o, N(e) = M(e)
2. e Hypl: Ve > 03M(e) such that if n,p > M(e) d(zn,xp) <€
e Hyp2: Ve > 03P(¢) such that if p > P(e), d(yp, ) < &, d(yp, z) = d(x4(p), T)

d(xn, ) < d(Tn, Tp)) + d(Tgp), ) by the triangle inequality
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d(Zn, Typy) < €if n> M(e) and ¢(p) > M(e)

d(x¢(p), x)<eifp> P(e)
If n > M(e), I choose p such that ¢(p) > M (e) and p > P(e). I fix this p!

if n > M(e) then d(zp,z) < 2¢

2.11 Construction process of the interior and closure

I have A C R or R? (or R?). I must find Int(A) and Adh(A)
1. I draw A on a sheet
2. T think that Int(A) = C (C is said to be included in A!)

(a) I show that C is open (easy), therefore
C C Int(A)
because Int(A) is the largest open set included in A.
(b) I show that Int(A) C C, i.e. I show that the points in A but not in C' are not in Int(A): I take
X € A, X ¢ C, 1show that X & Int(A) I construct a sequence (X,,) with X,, ¢ A but X,, — X.
3. I think that Adh(A) = B (it is necessary that A C B)

(a) I show that B is closed (easy)
therefore Adh(A) C B

(b) We show that B C Adh(A): We fix X € B, we look for a sequence (X,) with X,, € A and
X, —— X. We only look at the X € B, X ¢ A

n—oo

Example 2.47.
A={(z,y) € R*| 2z +3y < 4,z # y}

204+ 3y =4 23: +3y=4

Figure 2.10: Example of the interior
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o I guess that Int(A) = C = {(z,y) | 2z + 3y < 4,z # y}
o Convect: {(z,y) |22+ 3y <4,z <y}U{(z,y) |22+ 3y <4,z >y}

I construct a sequence (X,,) with X,, € A but X, —» X. Let X € A, X & C, X = (z,y) therefore:
20 4+3y=4 xz#y

1
X, = (z,y+ ~
(z y+n)

3 3
22, +3y, =2z +3y+—=4+—>14
n n

X, ¢ Abut X, = X

Example 2.48.
A={(@,y) €R? |z>0,y =2}
Int(A)=07 C =90

Figure 2.11: Example of the interior of the hyperbola

() open, therefore C' C Int(A)
Let X € A X & C, therefore X € A.

1
Xp = (x7y+ﬁ) XngA

xnyn:xy—i—z:l—l—zyél
n n
X, —— X therefore X ¢ Int(A)
n—oo

Int(A) =0

Example 2.49.
A={(z,y) eR?|z>0,y=a""}
Adh(A) =?
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I think that Adh(A) = A (B = A). It is sufficient to show that A is closed.

S R
8|~

z>0 y< (s

If X, =(zn,yn) Xpn€Aand X,, > X, then X € A

Tp—T

X=(y 535 L2 (@.>0)

sox>0andy:%sz€A
A is closed

Example 2.50.
A={(z,y) eR?*| 20+ 3y < 4,z £y}
2z + 3y = 4 2rtdy=4
_—\4 — &
—> p—
—— —

Figure 2.12: example-adherence

1. B is closed (easy), therefore Adh(A) C B

2. Let X € B. We show that X € Adh(A) (we look for X,, € A with X,, — X)
I'm just looking at X € B, X ¢ A

X, = (n,yn) €A x, > zand y, -y
Tn =T+ —,Ynp =Y ==
n

2
X, — X and 2z, + 3y, = 2x + 3y — — < dandx, # yn
n

therefore X,, € A

Example 2.51.
A=A{(z,y) 2] <1, |yl <1}

Int(A) = {(z,y) | [z <1, |y[ <1}
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Adh(A) = {(z,y) | o] <1,]y| <1}

Example 2.52.
.1
A= {(Q?,y) | T > O,y = Sln(ﬁ)}

Adh(A) = AU{(0,y) | -1 <y <1} Int(A) =

fdsf fds fds

2.12 Compactness

Definition 2.53. Let F' C E. An open cover of F is a collection (U;);c; where U; are open and F' C U;cU;
("the U; cover F")

Figure 2.13: open-cover

Example 2.54. o U, = B(z,3)
® U,cp Us contains F

e (Uy.)rer open cover of F

Definition 2.55. K C F is compact if from every open cover (U;);cs of F' we can extract a finite subcover:
I can choose i1,...,4, € I such that

FCUZ'lUUiQU...UUi

Property. A finite set is compact.
F={a,...,ap} a;€FE

(Usi)ier covers F. I choose a; (point of F'), there exists an ¢ € I denoted i(j) such that
Qj € Ul(j) F C Uz(l) J...u Uz(p)
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Theorem 2.56. Characterization using sequences.
K C FE is compact iff every sequence of elements from K has a subsequence that converges to an
element of K.

Figure 2.14: Compactness with sequences

Example 2.57. o F=R?
e F = B(zg,r) not compact
e, eF x, >z, x¢&F

o if Yy =Ty(n), Yn > T hut x ¢ F

Figure 2.15: sequence-without-convergent-subsequence

Example 2.58.
1

F = x>0, —
{(z,y) 2 >0, -

<y<

}

8|~

un = (n,0) (u,) sequence in F without convergent subsequence.

Proposition 2.59. 1. K compact = K closed and bounded. (converse is false in general!)
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2. If K compact and F closed, then K N F' is compact.

3. If K compact, every Cauchy sequence in K converges in K

Proof. 1. Let K be compact. K is closed if (u,) is a sequence in K that converges to u, then u € K.
clear: (u,) has a subsequence v,, = Up(n) With v, v € K, up > u,s0v, 2 u=>u=v=u€kK
K is bounded:
Let Uy = U,cx B(x,1) be an open cover of K. Now K is compact, so there exist z1,...,z, € K, such

that K C U,—; ., B(%i,1), so K is bounded.

2. K compact and F closed. (u,) asequence in KNF. u, € K. 3 subsequence v, = g,y with v, — x € K.
v, € Fyu, > x, Fclosedsox € F,x € KNF.

3. Let (u,) be a Cauchy sequence in K. (u,) has a subsequence v, = ug,) that converges to x € K.
U, > €K
O

2.12.1 Compactness in R” with the usual distance

Theorem 2.60. (Borel-Lebesgue)
in R™ with the usual distance K is compact iff K is closed and bounded

Proposition 2.61. Closed balls By(zg,r) are compact in R™.

e Implies the theorem: Let K be closed and bounded. K bounded, therefore K C By(0,r) with r large,
therefore K = K N By(0,r). Therefore K is compact.

Proof. of prop. 2.61

1. n = 1. To show: [a,b] is compact.

Let (U;)ier be an open cover of [a,b]. Let F: the = € [a,b] such that [a,z] is covered by a finite number
of Uz

Goal: to show that be F! (ifz € F,and ' <z 2’ € F)
(a) F#0: a€F la,a] ={a}
(b) ¢ = sup(F). We show that ¢ =1b
Suppose that ¢ < b.

e ¢ belongs to one of the U; denoted Uj,
e U, is open, ¢ € U;, so 3§y > 0 such that |¢ — dg, ¢+ do[C U,
e c=sup(F): V6 >0,3zs € F withec—9d <uzs <c

o= 50’2 31‘50 € F c— 50’2 < x5,
la, z5,] covered by U;, U...UU;, and Jc—do, c+ do[C Ui, so [a, c+ dp,2] is covered by U;, UU;, U

...UU;,, 80 c+ 0,2 € F contradicts that ¢ = sup(F'). Thus ¢ = b.
Fis [a,b] or [a,b]. b€ F 3U;,,...,U; such that [a,b] C U;, U...UU; , [a,b] is compact.

2.13 Limits and continuity

2.13.1 Limits
I take (E1,dy), (E2,ds) two metric spaces and F : By — Es. xp € E1,l € Es.
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Definition 2.62. .
1. Limit:
53, @) =1
if Ve > 0,36 > 0 such that if d;j(zo,x) < § then da(l, F(x)) < &

2. F continuous at xz if lim,_,,, F(z) = F(xo)

3. F is continuous (on F) if it is continuous at every xo in E

Proposition 2.63. The following properties are equivalent:
1. F:(E1,dy) — (E9,ds) is continuous.
2. YU, C E3 open, F~1(U,) is open in Ej.
3. VF, C E5 closed, F~(Fy) C Ej is closed.

4. V(z,) sequence in E; with lim,,_, ., x, = x we have:

lim F(z,)= F(x)

n—oo

Figure 2.16: topological continuity

Example 2.64.
U= {(z,y) € R?: xsin(y) — e* > 1}

F:R? >R
(z,y) — F((x,y)) = zsin(y) —e

obviously continuous.
U=F1(1,4+o0])
S——

open in R

Proof. 1 =2=3=4=1

1 = 2: Hyp: F continuous and U, C FEs is open.
Conclusion: U; = F~1(Uy) is open?
Ifixxg el (F(.To) S U2>

1. Uy open = Jeg > 0 s.t. Ba(F(x0),e0) C Us
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2. F continuous at xq:
Ve >0, 36 > 0 s.t. di(xo,z) < = da(F(x0), F(2)) <e
x € By(x0,0) = F(x) € Ba(F(x9),¢)
0o = the § that works for g
x € By(zg,00) = F(x) € Ba(F(x0),0)
Therefore By (z0,00) C F~1(Usy). Therefore F~1(Us) open.
2=3:: F 1 (Uy)° = F~1(US)

Example 2.65. result of this proposition. Let’s take the function: f(x) = 2% f~1(]4,9) ={z e R |4 <
2? <9} =] — 3,-2[U]2, 3[. In other words, the continuity of f (obvious) implies that if U =]4, 9] is open,
then f~1(U) is also open.

I
1
1
1
1
1
1
1
1
1
1
|
1

@9 {Esccooocooococooooooococes

‘ ]
—4 -3 -2 — 1 2

Figure 2.17: Example with f(z) = 22
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GHAPTER
CHAPTER

FUNCTIONS OF SEVERAL VARIABLES

3.1 Introduction

Framework: R®, R? D C R"
F:D—RP

on R™, RP usual distances, on D the distance inherited from R"™.
with Cartesian coordinates

F(xlw"axn) = (Fl(xlw"axn)aF2(xla"'axn)a"'an(xla"-vxn))
where F; : D - R

F: D — R? continuous

we know:

Lemma 3.1.
F : D — RP continuous if and only if:

each F; : D — R is continuous
Proof. Y,, = (Y1,5,...,Yp ) sequence of R?. Y,, - Y ifand only if ¥; ,, = Y; (1 <i <p)

Proposition 3.2. Let f,g: D — R be continuous.
o f+g,f x g are continuous on D
o if g(X) #0, VX € D, 5 is continuous on D
e if f(D) C I interval and ¢ : I — R is continuous, then ¢ o f : D — R is continuous.

P 5 X — E aal ..... anl'
a1+...+an<d

Gay,....a, € R,d = degree of P.

P :R"™ — R is continuous.

3.2 How to show that a set is open or closed

According to the proposition 2.63, if f : D — @ is continuous and K C @ open and Ky C @ closed, then:
e f7(K) is also open
e [71(Ky) is also closed

This allows us to simplify the proofs that a set is closed or open. Here are some examples:
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Example 3.3.
D = {(z1,x2,23) : :r% + 2z2x§ < 2,sin(z122) > 0}

D =D;N Dy
Dy = fi (] —0,2]) fi(w) = 2% + 2m203
Dy = f57(]0, +o0) fa(z) = sin(x122)
D7, Dy are open, therefore D open.
Example 3.4.
611—2$§
D= i >1
{(z1,22) o }
D . . 6$1_2w§
= (L, +oo]) 1@) = g

[1,+o0] is closed in R, then D is also closed because f is continuous on [1, +00]

3.3 Connection with compactness

Theorem 3.5. Let F : R™ — RP be continuous and K C R™ compact. Then, F(K) is compact in R?

Remark 3.6. We can replace R™ R? by E, F' metric spaces.

Remark 3.7. U open, f continuous # f(U) open:

Example 3.8.
f(0,1) = [-1,1]
f(z) = sin(27z)

Figure 3.1: Example that an image of the open set is not open
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Example 3.9.

fR—R
x +— f(z) = arctan x.
T
f=-5.5D0= R

not compact
not compact

Proof. Let (v, )nen be a sequence in F(K). We have: v, = F(u,) where u, € K. (up)nen sequence in K, K
compact, therefore: 3 subsequence (ugn))nen With

F continuous: therefore F'(ugn)) = vgm) — F(u) € K. (v,) has a subsequence (vy(,)) that converges to
F(u) € F(K), therefore F(K) compact! O

Theorem 3.10. Let F : R™ — R continuous and K C R™ compact. Then f is bounded on K and attains
its bounds. That is, @ := f(K) is bounded and attains the bounds.

Proof. Weierstrass: f: R — R K = [a, b].
I take (E,d) instead of R™. f bounded on K: Ty, co such that

< f(z) <eco,Vr e K& f(K) C [er,c)
It is clear because f(K) is compact in R, therefore bounded.
m = inf f(z) = inf f(K) M = supf(z) = sup f ()
zeK rzeK

To show: 3z € K such that f(z) =m and 32’ € K such that f(z') = M
m =inf f(K), that means that

1. f(K) C [m,+oo] (m a lower bound for f(K))
2. Ve > 0,3y € f(K) such that y <m +¢

e = 1 gives a sequence y,, € f(K) such that y, — m
Yn = f(xn) r, € K
K compact: 3 subsequence z4(,) such that

Tpn) —— T € K

n—oo

f+ E — R continuous, therefore
F(@ym)) = Ypm) — f(2)

But, yn — m, 80 Yg(n) — m and yeny — f(z), so m = f(x), m is attained.
To show that M is attained the proof is identical. O

3.4 Partial continuity (useless)

DCR"™ f:D — R continuous D open

Let A= (a1,...,a,) € D, there exist open intervals I, ..., I, with a; € I; such that Iy x ... x I,, C D
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I can set
fi(t):f(al,...,ai,l,t,aiJrl,...,an) tel;

Example 3.11.
n=2 fi(t) = f(t,a2) fa(t) = flar,?)
f1
A J2
Figure 3.2: f is continuous at A = (a1, az)
Definition 3.12. f is partially continuous at A = (ay,...,ay) if the f;(t) are continuous at a; (1 <1i < n)

e continuity: f(z1,22) ———  f(a1,a1)
e — (:El,il?g)*)(al,ag)

e partial: f(x1,a2) — f(ai,a2) et f(a1,x2) —— f(a1,a2)
—_— T1—al To—az

e Good notion: continuity implies partial continuity (converse false)

Example 3.13.
ETEINE
f(‘rl,-ﬁz) — ) & if (x1,$2) ;é (070)
0 if (13171'2) = (070)
continuous on R\ {(0,0)}
e partially continuous at (0, 0)
Oifzy =0

f(1,0) = {Oifx1 £0
f(071'2) ZOVCUQ

e not continuous at (0,0):
x1 =rcos(f) xo=rsin(f)
0ifr=0

f(rcos(0),rsin(f)) = {7"2 605(92) sin(6) _ cos(f) sin(f) if r #0

lin}) f(rcos(0),rsin(f)) = cos(#) sin(d) # 0 if 6 # 0, T, g, .

r—
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CHAPTER

DIFFERENTIATION OF FUNCTIONS OF SEVERAL VARIABLES

4.1 Introduction

n = 1: how to define f'(xg)?

1. f/(a',‘o) = limw—)wo f(TQZ:i(E’Eo)

2. LE: f(z) = f(zo) + a1(z — 20) + (x — o)e(x) where ay = f'(z)
f:D—R Dopen XoeD DCR"

Definition 4.1. f is differentiable at Xy in the direction @ (# 0) if the function

g:R—R
t— g(t) = f(Xo + ta).

is differentiable at ¢ = 0

In other words, the directional derivative (in the direction of vector ) is given by:
Xo +td) — f(X
t—0 t
In the case R we had the definition of the derivative:

/(o) = lim fzo+1) — f(zo)

t—0 t

The direction was always the same (the z-axis), we can see this as taking a vector v = (1) and using only the
x-axis as the direction and we obtain eq. ( 4.1)

Figure 4.1: Directional derivative

€1,...,€n canonical basis of R™, f has partial derivatives at X if f is differentiable at Xy in the directions
€1,...,€En.
L (X0 +167)|
had AN
dt 0 i) |1t=0
denoted

of

On the other hand, a function can be differentiable inall directionsat a point butnot to becontinues at this
point, here is
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Example 4.2.
1if x5 = 22 and (21, 22) # (0,0)
0 otherwise

f(x1,72) :{

Figure 4.2: Example differentiable but not continuous

f((0,0) +ta) = f(td) =0

if t # 0 and ¢ small, f is differentiable in all directions.
But, f is not continuous at (0,0):

Definition 4.3. Let D C R"™ be open and X € D, the function f : D — R is differentiable at X, if there
exists a vector 4 € R™ such that

f(Xo+X) = f(Xo) + - X + | X|e(X)

where limg¢ 5e(X) =0

Intuition. I propose to reflect on what this definition means. Let’s recall what the derivative intuitively means
in the case R™ = R (n = 1). Intuitively, if we zoom in on the function we are deriving, it behaves and looks
like a line. In the case R™ = R2, if we zoom in on the function, it looks like a plane. Indeed, that’s the idea of
the derivative: if we take a tiny step of an ant, the displacement is also small and uniform. By increasing n,
the derivative gives scalars to construct a subspace of dimension n — 1 of the space R™.

Note. To show that a function is differentiable, it is sufficient to show that its partial derivatives are
continuous.

4.2 First-order Taylor expansion

This representation of the derivative as a subspace when zooming is represented by the Taylor expansion of
order 1. From the definition 4.3, this vector 4 is denoted V f(Xj) (gradient of f at Xo)

Proposition 4.4. f differentiable at Xy = f differentiable in all directions at Xy, and then:

. oL f(Xo)

VI(Xo) = .
aawj; f(XO)

CHAPTER 4. DIFFERENTIATION OF FUNCTIONS OF SEVERAL 34
VARIABLES



in the basis €1,..., ¢,

Proof. f is continuous at X |4 - X| < ||| X]|
1. continuity

|f(Xo + X) = f(Xo)| < |- X|+ [[X[[[e(X))]
< [IXIICllall + le(@)]) < el X

therefore: f(Xo+ X) —— f(Xo)
X0

2. .

g(t) = F(Xo +10) = f(Xo) + Vf(Xo) - 17 + |t7]) - £(t7)
= f(Xo) + tVf(Xo) - 5+ [t]||T]]e1 ()
= f(Xo) +tVf(Xo) - ¥

therefore:

%f(Xo + 1) |1=0= 6f(X0> X

(take T = €7, ..., €, for the coordinates of V(X))

Definition 4.5.
DCR"™ Dopen f:D—RisC'onD

Let D C R” be open, then the function f : D — R is of class C! on D if f is differentiable at every X € D
and the function

:D— R"
X — Vf(X)

is continuous.

Theorem 4.6. f of class C' on D ssi f has continuous partial derivatives at every point of D.

Example 4.7. .
f(X) = f(Xo) + Vf(Xo) - (X — Xo) + | X — Xolle(X — Xo)

linear
In R3: f(z,y,2)
S={(z,9,2) : f(z,y,2) =0}

S: surface in R3, X, € S tangent plane to S at Xy, plane equation:

f(Xo)-l—ﬁf(Xo)-X:O
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Figure 4.3: Example of a differentiable surface

4.3 Extrema and critical points

Definition 4.8. Extremum (local) of f is a minimum or a maximum (local) of f

e X is a local maximum of f if: 3§ > 0 such that

VX € D, f(X) < f(Xo) with d(X, Xo) < 6

e Xj is a local minimum of f if: 39 > 0 such that

VX € D, f(X) > f(Xo) with d(X, Xo) < 6

Definition 4.9. Let f: D — R and X € D, then if
Vf(Xo) =0

therefore X is a critical point.

Intuition. The link between extremums and the critical point:

1. for the extremum to exist, there must be at least one critical point - it is a necessary but not sufficient

criterion.
2. every local extremum is a critical point

Critical points facilitate the search for local extremums.

Theorem 4.10. Let f: D — R differentiable, D open and Xy € D (otherwise, if D not open, it must be
Xo € Int(D)) then:
Xy local extremum =- X critical point

Example 4.11. Not every critical point is a local extremum
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]

]

1
€1[0,1], 1 £]0, 1]

Figure 4.4: Critical point that is not a local extremum

4.4 Partial derivatives of order > 2

Definition 4.12. Let D, then f: D - RisC*if f: D - Ris C! and 0,,f : D — R are C*~1

Definition 4.13. Let o = (1,...,a,) «a; € N. We define

oo oo
ST T daln

o f =

is the notation for the higher-order derivative.

o 0 9 ,2 0% 9
— f

8331 8.232 63)1 - 8733‘%87‘%2

Theorem 4.14. Schwarz Lemma
If f € C?(D) then
2 2
Pf o P
8xi8:ﬂj 3%8951

(X) VX eDVij

o f
aIEian

2f

(%) # Gy X)

Example 4.15. where a function has higher-order partial derivatives but

2

2_.2
T1%2 i%é if (z1,22) # (0,0)

O lf (IEl,QIQ) = O

f($1,$2)={

1
72 sin(6) cos(0) cos(260) = 17‘2 sin(40)

o0 f

Z1-T2

We calculate (0,0)7 It is gg(xl) at 1 =0 for g(z1) = ﬁ(xl,:lcg)\gm:o. Calculation of g(x1) :
T

83:2

2 2 .
1. ifxq #0 %(1‘1,172) = xﬁé_&%, soif x1 #0 8‘%(@,0) = @0

2. if 21 =0 f(0,22) =0

Conclusion: of
87182(1‘17 0) =X Vl‘l
S0: 5 9
_— =1
02, 91 £(0,0)
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o 0
—— =?. W _
93 O £(0,0) =?. We see that, f(z2,z1) f(zy,z2) so

0 0 0 0

—_— = ————— = —1
8%2 8m1 (0, O) 8:01 &rz f(o, O)

4.5 Taylor’s Formula to Order 2

Definition 4.16. Let f € C%(D). Hessian matrix: n x n matrix
2 . .
Hy(Xo) = [#%(Xo)} 1<4,5<n

The lemma 4.14 tells us that H(Xy) is symmetric if f € C?(D)

Recall: 5
2L (Xo)
Vf(Xo) = :

) :
890]; (XO)

Theorem 4.17. Taylor of order 2
Let f € C?(D), Xo € D. Then

—

f(Xo+X) = f(Xo) + VF(Xo) - X + - X - Hy(X0)X

N | =

example in R!

1
f(zo + ) = f(x0) + f'(z0)x + ifﬂ(iﬁo)ﬂ’«"2 +..
Intuition. So, the Hessian matrix is used to calculate the second-order derivative.

4.6 A reminder of linear algebra and the link with analysis

)_(' . AX = Z :Eiaivjxj

1<i,j<n
1
IfX=|:|A=/[a] wehave: X > X - AX to study. If A= AT, A € M,(R)
Ln
"A admits an orthonormal basis of eigenvectors"
There exists a basis ui,...,u, of R" with @; - 4; = §;; (1 if i = j and 0 otherwise) and real numbers
A1y ..o, An(Ai = Aj possible) such that
Ay = A\
X = Z ]
j=1

CHAPTER 4. DIFFERENTIATION OF FUNCTIONS OF SEVERAL 38
VARIABLES



n n
PICE 00 O b o (zy)
j=1 i=1
n n

= E E Y5yl - Wy
=1 i=1

n

j=1

AX = AZyju_}- = ZyjAu} = Z)\jyju'}
j=1 j=1

Jj=1

KoAX =3
=1
1. if A >0 (1<i<n)
C=minX; >0

X-AX >CY g} =C|X|?
=1
2. if N <0 (1<i<n)
—C =max); <0
X-AX < -C|X|?

Example 4.18. n =2
Flyr,v2) = =i + 393

)\1:—1 )\2:3
f(y1,0) < £(0,0) < £(0,y2)

4.7 Nature of critical points

Theorem 4.19. (Nature of critical points)
Let f € C?(D), Xo € D, D open and Vf(X,) =0

1. if all eigenvalues of H(Xj) are > 0 (respectively < 0) Xy is a local minimum (respectively maximum)
local.

2. if all eigenvalues of H(X) are non-zero but not of the same sign, Xy is not a local extremum: X
is a saddle point (a pass).

3. if 0 is an eigenvalue of Hy(Xy), no conclusion, (X, degenerate critical point) that is we cannot
conclude anything

Proof. of the theorem 4.19

F(Xo+X) = F(Xo) = 5X - Hy(Xo)X + ]| X|Pe(X)

1if A >0 31X - Hy(X0)X > C|X|? C >0

C
F(Xo+ X) = f(Xo) 2 [ X|*(C + (X)) = X[ i | X|| small enough
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= X local minimum

2. f A1 <0and Xy >0
Hy(Xo)uw; = N\

f(Xo +tw;) = f(Xo) + %)\itQ + t2e(t)
e(t) = (1)
F(Xo + ) = f(Xo) = (3 + ()

if i=1<0 |t| small, i =2 > 0 [¢| small, then X{ is not a local extremum

Example 4.20.

/ UN COL

Figure 4.5: Example of saddle point.

The red lines represent the partial derivatives and we can clearly see that some are increasing and
others decreasing, so this point is neither the minimum nor the maximum

Example 4.21. n =2

a a
Ay (L @i
az1 G22

(1,2 =asz,)
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Eigenvalues: roots of the characteristic polynomial:

P()\) = det(A — )\I) = 81,1 = % 01,2 = ()\ — al,l)()\ — az,g) — Q1,202

az.1 a2 — A
2
A —(a11 +ag2)A+a11622 —az1a1 2
a1+ agg = T’I“(A)
a1,1022 — 021012 = det(A)

22— S+ P=2%— (A1 + X2)z+ M2

det(A) = product of eigenvalues
Tr(A) = sum of eigenvalues

A = H(Xo)
1. if det(A) < 0, X, saddle point
2. if det(A) >0

(a) T

r(A) > 0, Xo minimum
(b) Tr(A) <0, Xy maximum

3. det(A) =0, Xy degenerate critical point

4.8 The Chain Rule

gn : R = R be differentiable and continuous functions and

h:R—R
t— h(t) = f(91(t), g2(t), .-, gn(t))
then

0 0 Ogn,
W) = St + S0 + ...+ g (D)

gn : RP — R differentiable functions i.e.
vie{l,...,n}, g :RP—R
(tl, 800 7tn) — gi(th 000 7tn)
and
h:R" —R
(@1, xn) —> h(g1(t1, - tp)s ooy gn(t1, - s tp)).
therefore

Oh _ Oh gy Oh Doy
6t¢ B 31‘1 6t¢ a’l;’n 6ti
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oHaPTER D
CHAPTER

NORMED VECTOR SPACES

5.1 Introduction

Definition 5.1. Let E be a K-vector space and A € R, the norm on F is a map N : F — R, with:
1. N(Au) = |A[N(u) weFE
2. N(u+v) < N(u)+ N(v)
3. Nu)=0& u=0g

semi-norm: 1 and 2 only.

We can interpret 2 as:
IN(u) = N(v)| < N(u—v)

Proposition 5.2. Induced norm: If ' C F a vector subspace, I restrict N to F', then (F, N) is a normed
vector space.

Example 5.3. £ = K" with z = (21,...,2,) € E
o |zl = 30 |2l

1
o llzllz = (32, |2il?)?

o ||z|loo = maxi<i<p |2
1
O ”‘er = (Z?:l |=73i|p)p with 1 <p < 0
Proposition 5.4. The triangle inequality for p > 2 is called Minkowski’s inequality:

- 2 - 2 n 2
(2 ot ym) - (2 w) . (z W)
=1 =1 =1

Definition 5.5. Let U be a set and E = {f : U — K bounded}

I/ llcc = sup |f(x)| norm on E
zeU
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Definition 5.6. R([a,b],K) = { the f : [a,b] — K Riemann integrable® }

%The function is Riemann integrable (not necessarily continuous) if one can calculate the area using integration by Riemann
sums. Then, if f is discontinuous, it is Riemann integrable if the discontinuity is negligible.

Example 5.7.

b P
1fllp = (/ |f (@)[? dx) with 1 < p < oo

I.llp is a semi-norm on R([a,b],K) (Minkowski’s inequality). | f||, = 0 does not imply that f = 0 (e.g.:
[a7b] = [717 1]3 f($) =T, p= 3)
[u+vllp < lullp + ]l

On E = C([a,b],K), ||.||, is a norm: if f : [a,b] — K continuous and f: |f(2)|P de = 0 then f(z) = 0Vx €
[a, b]

Example 5.8. E = KV a set of sequences u with values in K
U= (U, U, ...y Up,-..)

for 1 <p< oo

P(N,K) = {(un) : Z |un|P is convergent }
neN

el = (i |un|f’>;

n=0

is a norm on (N, K)
p=o0 [*°(N,K)= {u bounded }

|ulloo = sUp |tn|
neN

5.2 Topology of normed vector spaces

Proposition 5.9. Let (E, ||.||) be a normed vector space with
d(u,v) = |lu— ]|

a distance on E (induced by [|.||), then (E,d) is a metric space.

Definition 5.10. A complete normed vector space is called a Banach space.

Finite-dimensional case:
1. Every finite-dimensional normed vector space is complete (recall: proposition 2.43) (see below)

2. If F of finite dimension:
K compact < K closed and bounded
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Lemma 5.11.

is not complete.
Proof. We construct a sequence of continuous functions (fy,)nen on [0, 1] that converges in the norm || - ||
to a discontinuous function f. This will show that the limit of this sequence in the norm || - ||; does not

belong to C([0, 1], R), therefore this space is not complete.

S

—

D=
3=
(SIS
N|—=
_|_
3|

Figure 5.1: Lemma with a non-complete space

Definition of the sequence (f,) : for each n € N, we define f, : [0,1] = R by

0 1fx§%—%,
fa@)=q2n(z—-32+L) ifl-L<o<i+t,
1 1fx2%+%.

Each f, is continuous on [0, 1] because it is piecewise affine with continuous connections.

Definition of the limit function : let’s set

—

0 if < 3
flxy=1<1 if x> %,
any value if z = %

Then f is discontinuous at = = 3, so f ¢ C([0,1],R).

Convergence of (f,) to fin |- |1
We have
o= £l f/ fule) - £(@)) da.
But f,(x) = f(z) except on the interval [% — ﬁ 25 QL] of length - L and on this interval, |fn(z)—f(z)| <
1,s0:

3tom 1
anflegﬂ lde == ——0.
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Thus, f, — f in the norm | - ||;.

Consequence : the sequence (f,,) is Cauchy in (C([0, 1],R), || - ||1), because :

1o = Folls < Ilfo = Flls + 01 = folls < = ~ 1

p n,p—o0

However, the limit f is not continuous, so f ¢ C([0,1],R).

Conclusion : There exists a Cauchy sequence in (C(]0,1],R), | - ||1) that does not converge in this
space. Therefore, this space is not complete.
O

Lemma 5.12. In E = [}(N, R) equipped with

B¢(0,1) is not compact.

Proof. We construct a sequence of elements from By (0,1) without a convergent subsequence.

uel u:N—R

I denote u(p) instead of u, sequence in E denoted (uy), un, € E. uy,(p) p-th term of wu,,. I set

lifn=p
un(p) =0np = {

0 otherwise

||un||1—Z|un )| = lun(n)] =1

Thus u,, € B¢(0,1)Vn.
If v € I1(N,R)

|<Zlv )= loll

if |lun — vl — 0 then Vp,v,(p) — v(p). Assume that (v,) = (ugn)) is a subsequence of (u,) that
converges to v for ||.||. I fix p € N, v,(p) = ugm)(p) — v(p), but v, (p) — 0, so v(p) = 0Vp. v: null
sequence, also

[oalls = 190 and oy —> 1ol

contradiction O

5.3 Equivalent norms

Definition 5.13. Two norms N; and N; on E are equivalent (N ~ N») if Jeq, co > 0 such that
o Ni(u) <cyNo(u) VYueFE
o No(u) <coNi(u) Yu€eFE

Je > 0 such that
eNp(u) < Na(u) < eNy(u)
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Remark 5.14. If N1 ~ NQ and N2 ~ Ng, then N1 ~ N3
Definition 5.15. The norms N; and N, are topologically equivalent if they define the same open sets.

Theorem 5.16. Let Ny, Ny be two norms, then:

N7, Ny topologically equivalent < Ni, No equivalent

Example 5.17. 1. E =C([0,1],R)
2. [[fllc = SUPze0,1] | f(@)]

1
3. |Ifll = Jy 1f(@)] d
We notice that || f||1 < ||f]loo- Is there 3¢ > 0 such that

[fllee < cllfillVf € E

? To see this, construct a sequence (f,) in E such that || f,|l1 = 0 but || fn]lec 7 0

Theorem 5.18. Let E be a finite-dimensional space. Then all norms on E are equivalent.

Proof. Since E is finite-dimensional, there exists a basis for £ and thus a linear isomorphism between E and
R™ (or C™). Consequently, we can reduce the problem to the study of norms on R™.
Consider the norm | - ||; on E and define the associated unit sphere:

S={ze€FE:|z| =1}

In a finite-dimensional space, the unit sphere S is compact (this relies on the fact that in R™, closed and
bounded sets are compact).
The function

f:S=R, f(z) =zl
is continuous because || - ||2 is a norm (and thus a continuous function). By Weierstrass’s theorem, f attains its
bounds on S. Therefore, there exist:

e A minimum m = mingeg f(x) > 0 (the strict inequality m > 0 is explained by the fact that « # 0 for
z€S9).
e A maximum M = max,cs f(z).

Let € E be arbitrary, x # 0. We write = ||z||; y with y = %~ which belongs to S. Then,

llllx
lzll2 = Nzl [lyll2-

However, since y € S, we have
m < [lyf2 < M.

Thus,
m |zl < [lzll2 < M ||z

By setting ¢ = m and C = M, we obtain exactly the equivalence of norms.
For z = 0, the inequality is trivial because ||0]|; = ||0]|2 = 0.

5.4 Complements on normed vector spaces

5.4.1 Sequences of functions

X set (X CR), fr, : X = R(C) and (f)nen- Useful for the rest of the chapter: B(X,R) denotes a set of
functions f : X — R bounded
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5.4.2 Simple convergence:

Definition 5.19. (f,,)nen converges pointwise to f if Vg € X, fn(x0) —— f(zo) (does not come from a
n— o0

norm).

5.4.3 Uniform convergence:

Definition 5.20. f € B(X,R) if sup,cx |f(2)| = || flloc < o0 (f bounded on X).
Uniform convergence: Ve > 0,3IN € N such that ¥n > NVx € X|f,(x) — f(z)| < € equivalent to
Ve > 03N € N such that Vn > N, ||fn, — flleo <€

fo = fin (B(X,R), || - [|lo)

Definition 5.21. Uniform limit of continuous functions: X = [a,b], C([a,b],R) C B([a,b],R)(vector sub-
spaces). C([a,b],R) is closed in (B([a,b],R),| - |lco)

5.4.4 Series with values in a normed vector space.

Definition 5.22. Let (E, || - ||oo) n.v.8% (un)nen sequence in E. The series Y w, converges in (E, || - ) if
the sequence Sy = Zgzo u,, converges in (E, || - ||). imy—oo Sy denoted Y07 u, (€ E)

“normed vector space

Remark 5.23. If > u,, and ) v, converge, then
® > u, + v, converges and Y Au, converges
® > ooUn T Un =30 o Un 300 Vn
* D nsoMn =AY g Un

5.4.5 Normal convergence

Definition 5.24. " u,, converges normally in (E, || - ||) if >_ ||un|| converges in R.

Example 5.25. £ = R, ||z|| = |z|. normal conv. = absolute conv. (> u, converges)

(=n"

n

Example 5.26. Y u,, can converge without converging normally, like: u,, =

Theorem 5.27. If (E, || - ||) is complete, every normally convergent series is convergent and

[es) [ee)
1Y " unll <> [lunll
n=0 n=0
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Proof. S, =Y ;' _qur and Ty, = >, [lus]|

n

n>p Sy =Sl = Z upl| < Z lukll =T = Tp = |Tn — T
k=p+1 k=p+1

(T},) converges in R, therefore (7},) is Cauchy:
Ve > 0,dN such that Vn > p > N|T,, = T,,| < ¢

therefore (S,,) is Cauchy in (E, || - ||). E complete: (S,) converges to S € E.

5.5 Continuous Linear Maps

For any section B denotes a ball closed !
Let E, F' 2 normed vector spaces with || - ||z and || - | the associated norms,

o Ac L(E,F)

A € L(E,F) and Mx = A\(Ax)

A+ BeL(E,F)and (A+ B)x = Az + Bx
Or =0p Vx e F

L(E) = L(E, E)

(AB)x = A(Bz) where AB=AoB
(M)B = M\(AB)

A(B+C)=AB+ AC
(A+B)C=AC+ BC

e 0A=0

AB # BA (in general)

A(BC) = (AB)C

Theorem 5.28. Let A € L(E, F). The following properties are equivalent:
1. A: E — F is continuous
2. A is continuous at Og

3. 3dC > 0 such that
|sllr < Cllzls Vo e B

this is called that A is bounded
4. A is bounded on Bg(0,R) VR >0

We say that A is bounded (if A is continuous and linear)

Proof. e 1) = 2): obvious
° 2) = 3) :
— Hyp: Ve > 0,30 >0tq ||z — Og||lg <6 = |4z — AOg||lr < e |z||lg < d = ||Az||r < ¢

—e=130>0tq |lz|lp <6 = || Az|r <1
— Let x € E and z # 0
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—y= 7Hx7\13x therefore ||y|lz =6 = ||Ay|lr <1
- Ay 0 Ax and A linear

l=zlle

— 1 4yllr = Gz ll4zllr < 1= |Az|lF < 3zle

E3=

° 3) = 1)
— I fix xp € E. to see: A continuous at xq?
— 142 — Azolr = | A — 20)ll < Cllz - 2olls
— Therefore if ||z — zo||p < £ =0(¢), [[Ax — Azo|lr < ¢

O
Notation.
B(E,F)={A € L(E,F): A continuous }
B(E,E) = B(E)
Lemma 5.29. If FE is of finite dimension, then
L(E,F) = B(E,F)
It is false if dim E = oo
Proof. (eq,...,e,) basis of E. On E all norms are equivalent.
e ||z||g given norm.
¢ [[zlloc = maxi<i<n [
where z = Y"1 | z;e;
lAz|r = 1> zide| =D |willlAeil v
i=1 i=1
n
lAz|[F < |l2llo x Y [l Aeillr = Cllzloo
i=1
(|zllooll < C'||z||g). Therefore: ||Az||p < CC’||z||g. So: A € B(E,F) O

5.5.1 Norm on B(E,F)

Theorem 5.30. Let A € B(E,F), weset |[A||=  sup ||Az||r = sup |Az|r
z€E,||z||p<1 z€BE(0,1)
1. || - || is @ norm on B(E, F) called the uniform norm.

2. We have: |Az||r < ||Alll|z|]|g Yz € FE

3. ||A|| = the smallest constant C' such that ||Az||p < C||z||g Vz € E

Remark 5.31. 1. We can write ||A[|p(g,r) instead of ||A]|
2. Sometimes we find |||A]|| for || A||

3. Let I'™ = the set of C' > 0 such that ||Az||r < C|z||g Vz € E.
I () (because A € B(E,F)) and I'™ C [0, +0co[. (2) and (3) say that ||A| is the smallest element
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of IT
inf It =minlIt = I A]

Proof. 1. A€ B(E,F) & sup,cp,(0,) l14z][F < 0o & [|A]| well defined.

(A + B)z||lr = [|Az + Bz|r < |[Az||F + || Bz|r

= sup [(A+B)z|r< sup |Az[p+ sup |Bz|r
z€Bg(0,1) z€Bg(0,1) z€Bg(0,1)

|A+ B| < ||Al| + ||B|| and A,B € B(E,F) = A+ B also
INA]| = |A|||A]] and A € B(E, F') = AA also

Si ||A]] =0, alors ||Az||p = OVx € Bg(0,1) = Az = 0pVx € Bg(0,1)

Az = |z p AT

]| 2

Az =0pVz € E = A= 0p,p)
Cel'if|Az|lr <C|z|p VzeEE
IAll € It = || Azl F < ||Allllz]| 5V
e Clear if x = 0.

o Siz#0g, y= Tals € Bg(0,1) donc
L

[Ayllr =
=]l &

[Az|r < |[All = Azl < [ Allllzll 2

Soit C € It donc
|Az||F < Cllz|| 5

donc [|Az||p < C Vz € Bg(0,1), donc ||A|| < C, alors

| Al = min I = "best constant C"

Example 5.32. E =C([a,b],R), || fllcc = sup,eja If ()|, F' =R, u € C([a,b], R)
A E—F
b
£ A = [ @iz da.

A is bounded: to see: 3C > 0 such that

b b b b
/ f(@)ule) dz| < / @) lu()| do < / 1 lloolu(@)] dz= ||l / ju(@)| de

b
C= / |u(z)| dx suitable

(In fact [|A| = ff |u(z)| dz). E = C1([0,1],R) equipped with ||f|~, F = R, Af = f’(0) linear but not
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continuous. We construct a sequence (f,) in E such that || f,||g —— 0 but ||Af.||lFr A 0
n—o0

Proposition 5.33. Let A € B(E, F) and [|Al| = sup, <1 [|AllF & uniform norm. [|A]| = smallest ¢ such
that
|Az||F < c||z||p Yz € FE

Proof. E = C([a,b],R) and || f]|1 = f; |f(z)| dz norm on C([a,b],R). I fix m € C([a,b],R) and A : f — mf.
Af(z) = m(z)f(z).

e A€ L(E) obvious
o Ac B(E)?

Find ¢ > 0 such that
|AflL <clflli VfeE

IAflL f/ m(z

[m(z) f ()] < [m(@)[[f(2)] < [[mlleo] ()]

)| dx

Il = sup (o)
z€la,b]

[ i@ e < i [ 17 de = ol
= lme

We have: A € B(FE) and ||A]| < ||m||co. Let’s show that ||A]| = ||m]|co

IAll = P 1Af]x = mlloc = sup I with T = {[[Af]l1 : | flh <1}

Let’s denote a = sup 1

1. « upper bound of

2. I(an) ay, € I with a, —a
In our case:

e Goal: find a sequence f, € E || full1 <1 and ||Afn|l1 = [[Mm]co
an = ||Afnll1 |Jm|leoc = sup of the function |m| on [a, b].

e |m| continuous: Jzg € [a,b] such that ||m||e = |m|(zo)

im|(z) = |m(z)|
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Figure 5.2: f,

[m(@) fu(2)| = |Af(2)| close to [m(zo)||fn(x)]
Ifalli =1if ¢, < 2n
Oifa<zxz<zg-— i
fulz) = ¢ 2n(1 — n|x — Zol) 1f |z — x| < 5=
Oifzo+5, <z <D

T 0 1

Figure 5.3: f,

[m(x) fu(2) — m(wo) fu(@)| < [m(z) —m(zo)||fn(x)] < enlfn(2)]

Where f,(z) # 0 |z — zo| < L so
|m(z) — m(xo)| <e&n &, ——0

n—oo

then m continuous at z.

IAfnlll—/ () fu (& |dx</ m(z) — m(zo)| fule \dx+/ im(o0)||fu(2)) da
o 15 term: < e, fulll =en
o 27 term: = [mlloo | fulls = ]
Then:

[ fnlls =1
[Afnlls = [lm/loo

so [[A[l = [lm]le

Proposition 5.34. The case of B(E):
If A,B € B(E), Ao B (denoted AB) € B(FE) and

[AB] < [lA[l]|BIl
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(very useful)

Proof.

c

—_—
1ABz ||z < [lAllBzle < |AlBI-|l=
Y

thus [|ABI| < [[All[| B]]

equivalent.

Proof. Ey is (E,Ny), Ea = (E, Na).
N; and N, topologically equivalent means exactly:

1. Id : E; — FE5 are continuous
2. and Id: Fy — F4

Therefore:
1. Q open for Ny = Q open for Ny
2. Q open for N1 = € open for N
1. & Ny(Idu)(= Na(u)) < 1 Ny(u)
2. & Ni(Idu)(= Ni(u)) < caNa(u)

because Id continuous and linear, therefore bounded 3¢ such that Idu < c_u
E E
€l 1

(1) and (2) & N; and N3 equivalent.

5.6 The norm of matrices

A € My, (C) identified with A € L(C™)
(Al‘)l :Zai,jxj T = (xl,...,xn) ecn
j=1

b (ﬂy) = Z?:l Y
o |zl = (zle) = (0, |wal?)
Adjoint matrix A* (A*);; = (4);

N

(z|Ay) = (A"zly) Va,y

5.6.1 Good norm on L(C") (or on M, (C))
[|A]| uniform norm on L(C™) (= B(C™)) obtained from || - |2

Lemma 5.36.

* * 4
[A[l = [|A™[] = [|AAl|2
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therefore No(Idu) < e¢Ny(u)
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Proof. ||z = sup,,<1 |(y|z)|. Therefore:

[All = sup [[Azfz=  sup  [(y|Az)]
[EIPES lzll2<1[lyll2<1

(y|Az) = (A™y|z) = (z|A*y)
therefore |(y|Ax)| = |(z]|A*y)]|

[All= = sup  [(z]A"y)| = [|A7]]
Izl <1.llyll<1
1A Al < |A* 1Al = [|Al* = Sup, | Az]?

|Az||? = (Az|Ax) = (x|A*Az) < ||z||||A* Az (Cauchy-Schwarz)
< JlallflA* Al = 1A= All ]|
1Az ]? < [|A* Al
1Azl < | A*All= ||zl = | Al < [|4*A||2
14| = | A*A||>

5.6.2 How to "calculate" || A|?

Theorem 5.37. || A| = maxi<i<n p; With p; = )\i% where \i,...,\, € RT eigenvalues of A*A.

Proof. )
[All = [[A" Az

To show: ||[A*A|| = maxj<ij<n A (A; > 0)
(AB)* = B A"

(ATA)" = A"A™ = A" A
Let B = A*A, B = B* and (z|Bx) = (v|A*Az) = (Az|Az) = ||Az||? > 0. Therefore:
Vo, (z|Bzx) >0

There exists an o.n.b. (uq,...,u,) of C" and \q,..., A\, € R such that

Ifu= Z?:l LiUq HU”2 = Z?:l |‘752|2

i=1

i=1

n n
1Bull? = APlzi|* < max A fl* = max AZu]*

i=1 i=1

|B|| < max \;
1<i<n

If /\1 = maXji<i<n >\i
[Berll = [IArea]l = Adlleall < 1 Bl[l[ex]]
therefore || B|| > A\

5.6.3 How to bound ||A]|
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Proposition 5.38. We have: ||A|| < ||A||gs where

IAlEs = D lasy

1<ij<n

2

Proof.

| - |l zrs canonical norm on C™*™ !

(Az); =) aijz;
=1

n n
WAZ) =D Ty az; = Y aiGiv;
i=1  j=1

1<i,j<n
Let bi,j = le]

(ylAz) = > bijai;
i

N

1
2

(lAz)| < [ D laii* | x [ D Ibiy
i

(2]

2

Dbl o= > Wil ) = X Wl x| Y
i

1<i,j<n 1<isn 1<j<n

N
Wl
i

N

((ylAz)| < [Allmsllzlllyll = [All < [[All s
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CHAPTER

SYSTEM OF DIFFERENTIAL EQUATIONS

/

SCl(t) = amxl(t) + ...+ al,nzn(t) + f1 (t)
(B)§:

/

T, (t) = an1w1(t) + .o+ anpnza(t) + fult)

1(t)
z(t) = (z1,...,2,(t)) or
zn(t)
f1(t)
A= laijh<ijen ()= :
fn(t)

f:R—C"
Ar— f(A) = M,(C)

'(t) = Az(t) + (1)

(H) 2/ (t) = Az(t)

() = Ax(t) + f(1)
(©) {x(O) =z9€C”

Solution on I:f : I — C™ with I C R interval (f assumed continuous). = : I — C™ of class C! such that (C)
verified Vt €

e Ifn=1A=aecC. Solution of (H): z(t) = e'z¢ with 2o € C

oo
a a'n
e:E—
n!

n=0

But:define e#

Theorem 6.1. Let A € M,,(C) (A € B(E) where (E, | - ||) complete!)

1. Theseries ) g An—? converges in (M,,(C), |||)), its sum $°°° A denoted e is called the exponential

n=0 n!
of A.
N am AN+ IAlIES"
3. JleA - A < WT)!QIIAII(S (]Vif:ls!e”AHHS)

4. edeB = eBel if AB= BA

56




5. BeA = eAB if AB = BA

Proof. -

LA™

n!

L. |AB| < [|All[|B|| (because || - || uniform norm!) therefore [|A™[| < [IA[|™. >, oy

neN % converges normally in M,, ( )

M, (C) is complete (like B(E) if E is complete) therefore )

converges to ell4ll therefore 37

A converges in M,,(C).

neN n!
2. OK also
3. N
A" AT A
||€A—ZH||:|| Z W”S Z -
n=0 n=N+1 n=N+1
We denote f(x) = e®
N ) " N+ (N1)
f(z) = ;f (O)F + mf (y) (y between 0 and x)
z = || Al
4.
eef = A8 if AB = BA
(A+B)?=A>+ AB+BA+ B?>=A?>4+2AB+ B* (if AB= BA)
(A+B)" =Y CrA™PBP
p=0
Same proof if A =a, B =0 with a,b € R
5. exercise
Remark 6.2.

0 1 0 0
=0 0) 7= 0)

1 0 0 0
AB_(O O) BA_(l 0)

A2=0 e*=T+ A eP =7+ B where T identity
a_ (11 g_(1 0 Aanp_ (21
A=) =) e ()

A+B _o _ (0 1 2 _
e =? A+B= 1 0 (A+B)*" =T
C=A+B Cc*=1 C*"'=C

Z o e~ L O G
P= H/—/
=ch(1) =sh(1)

A8 — oh(1)T + sh(1)C = (SEEB EESD 4 oAy P

Proposition 6.3. A € M,,(C) (or B(E))

il el o el s, t eR

2. (e l=et  teR
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Proof. -
1. OK because tA commutes with sA

2. etde A = e tActA — = T therefore (et4)™1 =74

. (t+e)A_ _tA
3. To calculate: lim._,o “———— =7

to see: |AR(e)|| — 0 then lim. o <= = A
e—0

|[AR(e)|| < ce — 0
e—0

= E”IIAII’J eP” 1HAH” A
R & 1Al il

If le| <1
P~ 1| AP < 1Al
p+1)! — p

6.1 Application to DE system
(H) 2'(t) = Az(t)

Theorem 6.4. The set Sol(H) of solutions to (H) is given by
z(t) = ettzy o e C"

Let 2(t) be a solution

y() = e a(t)
=1/ (1) = —Ae Ma(t) + e 2 (1)
—Ae M (t) + e M Ax(t)
—0
=y(t) =10 = x(t) =
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Proof. Seek x(t) in the form

I find that y'(t) = e "4 f(t)
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