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Abstract—We study the problem of estimating the mutation

rate between two sequences from noisy sequencing reads. Existing

alignment-free methods typically assume direct access to the

full sequences. We extend these methods to the sequencing

framework, where only noisy reads from the sequences are

observed. We use a simple model in which both mutations

and sequencing errors are substitutions. We propose multiple

estimators, provide theoretical guarantees for one of them, and

evaluate the others through simulations.

I. INTRODUCTION

Estimating mutation rates in genomes is a fundamental
task in genomics, with applications in comparative genomics,
phylogenetics, population genetics, evolutionary biology, and
disease genomics, including understanding the dynamics of
cancer mutations and viral evolution. Traditional alignment-
based methods for estimating mutation rates can be both
computationally intensive and prone to inaccuracies, espe-
cially in highly repetitive or structurally complex regions of
the genome. To address these limitations, alignment-free ap-
proaches based on k-mer statistics (a k-mer being a substring
of a fixed length k) have gained attention in recent years.
In this study, we focus on a simplified problem: estimating
mutation rates between two genomes under the assumption
that the only mutations are substitution errors following an
independent and identically distributed (i.i.d.) model.

This problem has previously been studied under the as-
sumption that the genome contains no repeats [1], [2]. This
assumption was later relaxed in [3], which allows repeated k-
mers but assumes that whenever a k-mer mutates, it does not
mutate to any other k-mer present in the string. The work in
[1] estimates the substitution rate using the Jaccard similarity
between k-mer sketches of two strings, while [2] and [3]
adopt a method-of-moments approach based on the number
of distinct common k-mers between the source and mutated
strings. The former does not account for k-mer multiplicities
and therefore performs poorly for highly repetitive sequences,
whereas the latter remains empirically effective even in the
presence of high repeat content. A common limitation of all
these approaches is that they require access to the abundance
histogram of the source string. In contrast, we extend these
ideas and introduce new techniques for the more realistic case
in which only unassembled sequencing reads are available,
without access to the underlying sequence or its abundance
histogram. Here, a sequencing read is a substring of the

underlying sequence, possibly corrupted by sequencing errors
that occur during the physical process of acquiring the read;
however, the location from which a given read originates is
unknown.

The rest of the paper is organized as follows. Section II con-
tains some definitions and notations used throughout the paper;
it also introduces the problem statement. Section III presents,
for benchmarking purposes, estimators for the scenario when
there is direct access to k-mer data from the genomic se-
quences. In Section IV, we derive estimators for the situation
where only noisy sequencing reads are available. Section V
provides some performance analysis, while Section VI shows
simulation results. The paper concludes in Section VII with a
summary and discussion of possible future research directions.

II. NOTATION AND PRELIMINARIES

Genomic sequences1 are composed of nucleotides, repre-
sented by the four letters A,C,G,T. Let x be a circular2

genomic sequence of length G. Fixing an arbitrary starting
position, we use xi to denote the nucleotide at the i-th position
of x, i.e., x “ tx1, ¨ ¨ ¨ , xGu. We use xri : js to denote the
pj ´ i ` 1q-length substring xri : js :“ txi, xi`1, ¨ ¨ ¨ , xju.
Let k be the parameter indicating k-mer size where a k-mer
is a substring of length k, i.e., xri : i ` k ´ 1s, 1 ! i ! G.
Thus, sequence x contains exactly G (possibly repeating) k-
mers since x is circular. (For a non-circular string, the number
of k-mers would be G ´ k ` 1.) Let K denote the set of all
distinct k-mers in x. For a k-mer v P K, we use fv to denote
the number of occurences of k-mer v in x. For any two k-
mers v, w P K, we use dHpv, wq to denote Hamming distance
between the two k-mers. The abundance histogram of x is the
sequence pa1, ¨ ¨ ¨ , aGq where ai is the number of k-mers in
K that occur i times in x, i.e., ai “ |tv P K : fv “ iu|.

Let y be the string (also circular) obtained by passing the
circular string x through a random substitution process with a
rate parameter p: independently, the character at each position
in x is unchanged with probability 1 ´ p and changed to one
of three other nucleotides with probability p{3 per nucleotide.

1In this paper, the terms string and sequence are used interchangeably.
We distinguish between substrings, which are contiguous, and subsequences,
which may be non-contiguous.

2The choice of a circular genome is purely for convenience, so that we
avoid having to deal with edge effects. In any case, for long strings, the edge
effects will be negligible.
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We use f 1
v

to denote the number of occurrences of k-mer v in
y, and K1 to denote set of all distinct k-mers in y.

A noiseless read of x is a random substring of x. We make
the simplifying assumption that reads are of a fixed length
L, and the starting position of a read is independently and
uniformly distributed, i.e., Prpa read starts at i-th position) “
1
G

@i P 1, 2, ¨ ¨ ¨ , G. Reads are assumed to be acquired through
a noisy physical sequencing process, with sequencing errors
modeled as i.i.d. substitutions. Specifically, a noisy read of x is
obtained by passing a random substring xri : i`L´1s through
the random substitution process described above, but this
time parameterized by the sequencing error rate s. Multiple
independent noisy reads of x are obtained in this manner. If N
is the number of reads so obtained, the sequencing coverage
of the sequence x is defined to be c :“ NL{G; this is the
expected number of times a given position in x is covered by
the N acquired reads.

A. Problem Statement

Throughout, the source string x is assumed to be arbitrary
but fixed. The mutated string y obtained through the substi-
tution process is random. The problem we consider is the
following: Given N independent noisy reads acquired from

each of the sequences x and y (so 2N reads in all), estimate

the rate p of the substitution process that generates y from x.

The sequences x and y are not known to the estimator. The
sequencing error rate s may be known or unknown, depending
on the specific application.

B. Concentration Inequalities

In our analysis of estimator performance, we make use the
following two well-known concentration inequalities.

1) Hoeffding’s Inequality [4]: Let X1, ¨ ¨ ¨ , Xn be indepen-
dent random variables such that ai ! Xi ! bi almost surely.
If X “

n!
i“1

Xi, then

Prp|X ´ ErXs| " tq ! 2 exp

ˆ
´ 2t2

n!
i“1

pbi ´ aiq2

˙

2) McDiarmid’s Inequality [5]: Let X1, . . . , Xn be inde-
pendent random variables taking values in sets X1, . . . ,Xn.
Suppose f : X1 ˆ ¨ ¨ ¨ ˆ Xn Ñ R satisfies the
bounded differences condition : for every i “ 1,¨ ¨ ¨,n,
|fpx1, . . . , xi, . . . , xnq ´ fpx1, . . . , x1

i
, . . . , xnq| ! ci. Then,

for all t # 0,

Pr
`
|fpX1, . . . , Xnq ´ ErfpX1, . . . , Xnqs| " t

˘

! 2 exp

ˆ
´ 2t2!

n

i“1 c
2
i

˙
.

III. ESTIMATORS WITH ACCESS TO k-MER DATA FROM THE
TWO STRINGS

In this section and the next, we introduce a number of k-
mer-based estimators for p: some use k “ 1 but others use
larger k. The performance of these estimators depends on the
underlying source strings x as well as on the mutation rate

p. To benchmark their behavior, we first work directly with
k-mer data from the strings x and y. We give the estimators
in this section access to the k-mer frequency tables, i.e., the
number of occurrences of each k-mer in x and y. In the next
section, we extend these estimators to the more realistic case
of sequencing data, where only unassembled reads from x and
y are observed.

A. k “ 1

The idea of using k “ 1 is inspired by the work of Hera
et al. [6] who use the number of occurrences of a given
nucleotide, say A, in the source string x and the mutated string
y as one of the parameters to estimate substitution and indel
rates. In our work, we restrict attention to the substitution-
only case and use this statistic accordingly, before extending
the same idea to any value of k.

For 1-mer A, fA and f 1
A represents the number of times

A occurs in x and y respectively. Now, f 1
A “

G!
i“1

Yi where

Yi’s are indicator random variables such that Yi “ 1 iff yi “
A. Now, if xi “ A, then Prpyi “ Aq “ 1 ´ p, otherwise
Prpyi “ Aq “ p{3. Thus, Erf 1

As “ !
i:xi“A

p1´pq ` !
i:xi‰A

p

3 “
fAp1 ´ pq ` pG ´ fAqp

3 . Replacing Erf 1
As with the observed

value f 1
A, we get

pp “ 3 ¨ pf 1
A ´ fAq

G ´ 4fA
(1)

We provide a performance analysis of this estimator in Sec-
tion V-A.

We can use a subset of 1-mers as well, let’s say, we take G
and C 1-mers. Then, GC fraction can be used for estimation.
Note that GC fraction is given as fG`fC

G
. Let xGC and yGC

represent GC fraction in x and y respectively.
Now, Erf 1

G`f 1
Cs “ pfG`fCqp1´ 2p

3 q`pG´fG´fCq 2p
3 ùñ

EryGCs “ xGCp1 ´ 2p
3 q ` p1 ´ xGCq 2p

3 . Thus,3

pp “ 3 ¨ pyGC ´ xGCq
2 ´ 4xGC

(2)

This idea can be extended to general values of k as well.

B. k " 1

Observe that for a k-mer v, we have Erf 1
v
s “ !

wPK
fwp1 ´

pqk´dHpv,wqpp{3qdHpv,wq. The idea is to consider a subset
S $ K such that

!
vPS

fv is large enough that
!
vPS

f 1
v

can

be confidently assumed to be close to its expected value,!
vPS

Erf 1
v
s “ !

vPS

!
wPK

fwp1 ´ pqk´dHpv,wqpp{3qdHpv,wq. Then,

the estimate pp can be obtained numerically as the solution of

ÿ

vPS
f 1
v

“
ÿ

vPS

ÿ

wPK
fwp1 ´ ppqk´dHpv,wq

ˆ
pp
3

˙dHpv,wq
. (3)

3For now, to keep notation simple, we use pp to denote all our estimators;
the specific estimator in use is determined by the context.
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C. Large k : k " 20

For large values of k, |K| is quite large and |K| ¨ |S|
pairwise Hamming distances need to be computed, which
is computationally expensive, and moreover, it makes the
estimator quite complex. To address this issue, we adopt the
simplifying assumption used in [3], namely that if a k-mer
v mutates, it doesn’t mutate to any other k-mer w P K with
w ‰ v.

Under this assumption, Erf 1
v
s “ fvp1 ´ pqk ùñ!

vPS
Erf 1

v
s “ !

vPS
fvp1 ´ pqk “ p1 ´ pqk !

vPS
fv . If we take

S “ K, then
!
vPK

Erf 1
v
s “ Gp1 ´ pqk. We thus obtain the

estimator

pp “ 1 ´
¨

˝

!
vPK

f 1
v

G

˛

‚
1{k

. (4)

Note that our estimator is similar to the estimators designed
for this problem in [2], [3], the difference in our approach
being that we account for multiplicities of k-mers in both x
and y.

Next, we allow our estimators to access only the noisy reads
observed from sequencing data.

IV. ESTIMATORS WITH ACCESS ONLY TO NOISY
SEQUENCING READS

Now, the goal is to estimate the mutation rate p given N
noisy reads each for x and y of fixed length L.

For a k-mer v, we use hv and h1
v

to denote number of
occurrences of k-mer v across all the N reads of x and y
respectively.

Now, consider the reads of string x. Then, Prppositions xri :
i ` k ´ 1s are covered by a particular readq “ L´k`1

G
@i P

t1, ¨ ¨ ¨ , Gu. Let ri and r
1
i

denote number of times positions
xri : i ` k ´ 1s and yri : i ` k ´ 1s are covered across all
the reads of x and y respectively. Then, Erris “ Err1

i
s “

NpL´k`1q
G

.
Thus, for any k-mer v,

Erhvs

“
Gÿ

i“1

Errisp1´ sqk´dHpv,xri:i`k´1sq
ˆ
s

3

˙dHpv,xri:i`k´1sq

“
ÿ

wPK
fw

ˆ
NpL ´ k ` 1q

G

˙
p1 ´ sqk´dHpv,wq

ˆ
s

3

˙dHpv,wq

(5)

A. k “ 1

For k “ 1, we use fraction of A’s in reads of x and y, i.e.,
hA
NL

and h
1
A

NL
to estimate p. From (5), we get

ErhAs “ NL

G

´
fAp1 ´ sq ` pG ´ fAqs

3

¯

“ NL

G

ˆ
fA

ˆ
1 ´ 4s

3

˙
` G

s

3

˙

If f 1
A is known, then analogously we get

Erh1
A|f 1

As “ NL

G

ˆ
f 1
A

ˆ
1 ´ 4s

3

˙
` G

s

3

˙

Then,

Erh1
As “ ErErh1

A | f 1
Ass

“ NL

G

ˆ
Erf 1

As
ˆ
1 ´ 4s

3

˙
` G

s

3

˙

“ NL

G

ˆˆ
fA

ˆ
1 ´ 4p

3

˙
` G

p

3

˙ˆ
1 ´ 4s

3

˙
` G

s

3

˙

“ NL

G

ˆˆ
fA

ˆ
1 ´ 4s

3

˙
` G

s

3

˙ˆ
1 ´ 4p

3

˙
` G

p

3

˙

“ ErhAs
ˆ
1 ´ 4p

3

˙
` NL

p

3

Thus,

pp “ 3ph1
A ´ hAq

NL ´ 4hA
(6)

Note that our estimator is independent of s. An analysis of
the performance of this estimator is provided in Section V-B.

B. Large k: k " 20

In this case, we assume the following:
(1) If a k-mer v mutates, it doesn’t mutate to any other k-mer

w P K, with w ‰ v.
(2) Due to sequencing errors, a k-mer v in the string x (or y)

doesn’t change to any other k-mer w P K (or K1
), with

w ‰ v, in the reads of x (or y).
Then, from (5), we obtain Erhvs “ fv ¨ˆ
NpL ´ k ` 1q

G

˙
p1 ´ sqk. Analogously, we get

Erh1
v
|f 1

v
s “ f 1

v
¨

ˆ
NpL ´ k ` 1q

G

˙
p1 ´ sqk. Using

similar arguments and calculations as before, we
get Erh1

v
s “ Erhvsp1 ´ pqk. For a subset S % K,!

vPS
Erh1

v
s “ p1 ´ pqk !

vPS
Erhvs. Thus,

pp “ 1 ´
¨

˝

!
vPS

h1
v

!
vPS

hv

˛

‚
1{k

(7)

Ideally, we would like to take S “ K. However, in practice,
some k-mers present in the string may not appear in the
reads at all, while additional k-mers may be introduced due
to sequencing errors. Let R and R1 denote the sets of all k-
mers observed in the reads of x and y, respectively. We define
F “ RzK and F 1 “ R1zK1 as the sets of spurious k-mers
introduced by sequencing errors in the reads of x and y.

Given a k-mer v P R, it is not possible to determine whether
v P K or v P F . Therefore, we use the following estimator:

pp “ 1 ´

¨

˚̋
!

vPR:hv!ω

h1
v

!
vPR:hv!ω

hv

˛

‹‚

1{k

. (8)
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Observe that
ÿ

vPR:hv!ω

hv “
ÿ

vPK:hv!ω

hv `
ÿ

vPF :hv!ω

hv.

We choose the threshold ω such that the total mass!
vPR:hv!ω

hv is sufficiently large, while the contribution from
spurious k-mers,

!
vPF :hv!ω

hv , is minimized.
Since a k-mer in the reads remains unaffected by sequencing

errors with probability p1´sqk, we have Erfraction of k-mers
in reads unaffected by sequencing errors s “ p1 ´ sqk. Under
Assumption (2), this implies

E

»

–

!
vPK

hv

!
vPR

hv

fi

fl “ p1 ´ sqk.

Motivated by this observation, we select

ω “ max
ω1!2

#
ω1 :

ÿ

vPR:hv!ω1
hv " p1 ´ sqk

ÿ

vPR
hv

+
.

That is, we retain the most frequently occurring k-mers in the
reads whose cumulative frequency accounts for approximately
p1´sqk fraction of all observed k-mers. When the sequencing
error rate s is small, true k-mers v P K typically appear more
frequently in the reads than spurious k-mers w P F , resulting
in only a small number of outliers and a negligible contribution
from

!
vPF :hv!ω

hv .
A limitation of this estimator is that selecting the parameter

ω requires prior knowledge of the sequencing error rate s.
Although this requirement can be relaxed by using a known
upper bound on s, doing so leads to degraded performance. In
contrast, the estimator for the k “ 1 case remains applicable
even when s is unknown. On the other hand, the sequence
length G is not required to be known for both the estimators.

V. PERFORMANCE ANALYSIS

We here analyze the performance of the 1-mer-based esti-
mators pp in (1) and (6) using the concentration inequalities
of Hoeffding and McDiarmid to bound the probability (with
respect to the random substitution process) that |pp ´ p| ! εp.
We have not been successful in extending this style of analysis
to the estimators that use large values of k, so we evaluate their
performance using simulation results in the next section.

A. A concentration bound for the estimator in (1)

For the estimator pp given by (1), we have

Prp|pp ´ p| ! εpq “ Pr

ˆˇ̌
ˇ̌3 ¨ pf 1

A ´ fAq
G ´ 4fA

´ p

ˇ̌
ˇ̌ ! εp

˙

“ Pr

ˆˇ̌
ˇ̌f 1

A ´ Erf 1
As

ˇ̌
ˇ̌ ! |G ´ 4fA| ¨ pε

3

˙

" 1 ´ 2 exp

ˆ
´ 2|G ´ 4fA|2 ¨ p2ε2

9G

˙

“ 1 ´ 2 exp

ˆ
´ 32

9
G

ˇ̌
ˇ̌fA
G

´ 0.25

ˇ̌
ˇ̌
2

p2ε2
˙

where the inequality above is obtained using Hoeffding’s
inequality.

Now, for fixed values of ε, G and p, we compute the fraction
of A’s required in the source string x such that Prp|pp ´ p| "
εpq ! 2 expp´5.3q ! 10´2. This requirement translates toˇ̌
ˇ̌ fA
G

´0.25

ˇ̌
ˇ̌ "

b
1.5

p2ε2G
. For this estimator to be effective,

ˇ̌
ˇ̌ fA
G

´

0.25

ˇ̌
ˇ̌ # 0 and the minimum deviation needed to guarantee

the desired performance decreases as p and G increase, as
illustrated in Table I.

TABLE I: Minimum value of
ˇ̌
fA

G
´ 0.25

ˇ̌
required to ensure

performance guarantees for ϑ “ 0.1

pzG 104 105 106 107

0.01 12.24 3.87 1.22 0.387
0.03 4.08 1.29 0.408 0.129
0.05 2.44 0.77 0.245 0.077
0.10 1.22 0.387 0.122 0.038
0.20 0.612 0.194 0.061 0.019
0.50 0.245 0.077 0.024 0.008

B. A concentration bound for the estimator in (6)

Theorem 1. Assume p, s & 3
4 and

ˇ̌
ˇ̌fA
G

´ 0.25

ˇ̌
ˇ̌ " 3

4pε

˜c
C2

2N
`

c
C1

2G

¸
`

c
C3

2N
`

ˇ̌
ˇ̌4s
3

fA
G

´ s

3

ˇ̌
ˇ̌

for some C1, C2, C3 # 0. Then, for the estimator pp given by

(6), we have

Prp|pp ´ p| ! εpq " 1 ´ 2e´C1 ´ 2e´C2 ´ 2e´C3 .

Proof.

Prp|pp ´ p| ! εpq “ Pr

ˆˇ̌
ˇ̌3 ¨ ph1

A ´ hAq
NL ´ 4hA

´ p

ˇ̌
ˇ̌ ! εp

˙

“ Pr

ˆˇ̌
ˇ̌h1

A ´ Erh1
As

ˇ̌
ˇ̌ ! |NL ´ 4hA| ¨ pε

3

˙

Define the event B1 :“ t|f 1
A ´ Erf 1

As| ! ϖ ¨ Erf 1
Asu for

some suitable choice of ϖ to be specified later. Let t “
|NL ´ 4hA| ¨ pε{3. We bound Prp|h1

A ´ Erh1
As| # tq “

1 ´ Prp|h1
A ´ Erh1

As| ! tq from above as follows:

Prp|h1
A ´ Erh1

As| # tq
“ Prp|h1

A ´ Erh1
A|f 1

As ` Erh1
A|f 1

As ´ Erh1
As| # tq

! Prp|h1
A ´ Erh1

A|f 1
As| # t1 | B1q

` Prp|Erh1
A|f 1

As ´ Erh1
As| # t2 | B1q ` PrpBc

1q

where t1 ` t2 ! t.
Now, we will bound these three terms individually. First,

using Hoeffding’s inequality,

PrpBc

1q ! 2 exp

˜
´2ϖ2G

ˆ
fA
G

ˆ
1 ´ 4p

3

˙
` p

3

˙2
¸



To have PrpBc

1q ! 2 expp´C1q, it suffices to have

2ϖ2G

ˆ
fA
G

ˆ
1 ´ 4p

3

˙
` p

3

˙2

" C1. Thus, we take

ϖ :“
?
C1?

2Gp fA

G
p1 ´ 4p

3 q ` p

3 q
.

Note that Erh1
A|f 1

As “ NL

G
pf 1

Ap1 ´ 4s
3 q ` G s

3 q. Also,
Erh1

As “ NL

G
pErf 1

Asp1 ´ 4s
3 q ` G s

3 q. Thus, conditioned on
the event B1, with probability 1,

|Erh1
A|f 1

As ´ Erh1
As| ! ϖNL

Erf 1
As

G

ˆ
1 ´ 4s

3

˙

“ ϖNL

ˆ
fA
G

ˆ
1 ´ 4p

3

˙
` p

3

˙ˆ
1 ´ 4s

3

˙

“ NL

ˆ
1 ´ 4s

3

˙c
C1

2G

! NL

c
C1

2G
:“ t2

Now, we will bound Prp|h1
A ´ Erh1

A|f 1
As| " t1 | B1q. Let

r.v. Pi determines the starting position of i-th read. Let Wi be
random substitution process acting on i-th read. The pair Si :“
pPi,Wiq completely specifies the i-th read. Now, S1, ¨ ¨ ¨ , SN

are independent, and this independence holds even when
conditioned on f 1

A or on the event B1. Let Z “ gpS1, ¨ ¨ ¨ , SN q
denote the total number of occurrences of the symbol A across
all N reads. Since each read has fixed length L, changing a
single read Si can change the value of g by atmost L, i.e.,
for each i “ 1, ¨ ¨ ¨ , N, |gps1, ¨ ¨ ¨ , si´1, si, si`1, ¨ ¨ ¨ , sN q| ´
|gps1, ¨ ¨ ¨ , si´1, s1

i
, si`1, ¨ ¨ ¨ , sN q| ! L. Thus, using McDi-

armid’s inequality, we get

Prp|gpS1, ¨ ¨ ¨ , SN q ´ ErgpS1, ¨ ¨ ¨ , SN qs| " tq

! 2 exp

ˆ
´ 2t2

NL2

˙
.

Conditioning on the event B1 and f 1
A “ q, we obtain

Prp|h1
A´Erh1

A|f 1
A “ qs| " t1 | B1, f

1
A “ qq ! 2 exp

ˆ
´ 2t21
NL2

˙
.

Since this bound holds uniformly for all values of q, it
follows that

Prp|h1
A ´ Erh1

A|f 1
As| " t1 | B1q ! 2 exp

ˆ
´ 2t21

NL2

˙
.

To make Prp|h1
A ´ Erh1

A|f 1
As| " t1 | B1q ! 2 expp´C2q, we

set t1 :“ L
a
NC2{2.

Now, t1 ` t2 ! t “ |NL ´ 4hA| ¨ pε{3 yields the condition

L

c
NC2

2
` NL

c
C1

2G
! |NL ´ 4hA| pε

3
,

which is equivalent to
ˇ̌
ˇ̌ hA

NL
´ 0.25

ˇ̌
ˇ̌ " 3

4pε

˜c
C2

2N
`

c
C1

2G

¸
“: u

Define the event B2 :“
"ˇ̌

hA
NL

´ E
“
hA
NL

‰ˇ̌
! u2

(
. Condi-

tioned on B2, a sufficient condition for
ˇ̌
hA
NL

´ 0.25
ˇ̌

" u isˇ̌
E

“
hA
NL

‰
´ 0.25

ˇ̌
" u`u2. Since E

“
hA
NL

‰
“ fA

G

`
1 ´ 4s

3

˘
` s

3 ,
it suffices to have

ˇ̌
ˇ fA
G

´ 0.25
ˇ̌
ˇ " u ` u2 `

ˇ̌
ˇ 4s3

fA

G
´ s

3

ˇ̌
ˇ. But

this, if we set u2 :“
a
C3{p2Nq, is precisely the inequality

assumed in the statement of the theorem. With this choice of
u2, we further have, by McDiarmid’s inequality, PrpBc

2q “
Prp|hA ´ErhAs| # u2NLq ! 2 expp´2u2

2Nq “ 2 expp´C3q.
Putting it all together using the union bound, we obtain

Prp|p̂ ´ p| ! εpq " 1 ´ Prp|h1
A ´ Erh1

A|f 1
As| # t1 | B1q

´ Prp|Erh1
A|f 1

As ´ Erh1
As| # t2 | B1q

´ PrpBc

1q ´ PrpBc

2q
" 1 ´ 2e´C2 ´ 0 ´ 2e´C1 ´ 2e´C3

“ 1 ´ 2e´C1 ´ 2e´C2 ´ 2e´C3 .

A similar table to Table I can be obtained for different values
of G,N, p, s, and ε. As an illustration, consider G “ 107,
L “ 103, N “ 106, p “ 0.2, s “ 0.03, and ε “ 0.1. For these
parameters, ensuring Prp|p̂ ´ p| ! εpq " 1 ´ 10´3 requiresˇ̌
ˇ fA
G

´ 0.25
ˇ̌
ˇ " 0.112.

The main bottleneck of this analysis is that achieving |p̂ ´
p| ! εp with high probability requires a large number of reads
and a small sequencing error rate.

VI. SIMULATIONS AND RESULTS

We evaluate the performance of all our proposed estimators
using both synthetic and real genomic sequences. Synthetic
sequences are generated under an i.i.d. model, where each
symbol is drawn independently according to a fixed probability
distribution. Real sequences are extracted from the human
T2T-CHM13v2.0 reference genome [7].

For real data, we consider three sequences. Two of them,
D-easy and D-hardest, were previously used in [3] and have
length 105. In addition, we include a longer sequence of length
106, referred to as Chr9-HSat.

For the purposes of this discussion, we refer to the estima-
tors from Section III as “non-sequencing estimators” and to
those from Section IV as “sequencing-based estimators”. In
the case of non-sequencing estimators, where the complete k-
mer frequency tables of both sequences x and y are available,
we compare our estimators for k “ 1 and k “ 30 with the
estimator proposed in [3], which we denote by ppAH .4 When
considering sequencing-based estimators, where only reads
from x and y are available, we evaluate only our estimators for
k “ 1 and k “ 30. We use ppNS to denote our non-sequencing
estimators and ppS for the sequencing-based estimators. Unless
stated otherwise, the sequencing coverage c “ NL{G is fixed
to 30, with read length L “ 1000.

We evaluate the performance of all estimators using box
plots of the relative error e “ pp

p
´ 1, as a function of the

parameters p, s, c, and G.
4The subscript AH is meant to indicate that the estimator uses abundance

histogram information.



A. Real sequences

For each real sequence and each value of the mutation rate
p, we generate 100 mutated sequences. The characteristics of
the three sequences used in our experiments are as follows:

1) D-easy: A length-105 arbitrarily chosen substring from
chr6, with no unusual repeat annotations. For k “ 30,
the number of distinct k-mers is 99442 and the maximum
multiplicity of any k-mer is 9. For k “ 1, we use the 1-
mer T, for which fT{G “ 0.301.

2) D-hardest: A length-106 highly repetitive subsequence
from a region annotated as “Active ϱSat HOR” in the
chr21 centromere. For k “ 30, the number of distinct k-
mers is 3987 and the maximum multiplicity is 127. For
k “ 1, we use the 1-mer G, with fG{G “ 0.168.

3) Chr9-HSat: A length-106 repetitive substring from a
pericentromeric region of chr9 annotated as satellite DNA
(HSAT2/HSAT3). For k “ 30, the number of distinct k-
mers is 58244 and the maximum multiplicity is 1250. For
k “ 1, we use the 1-mer C, with fC{G “ 0.169.

Figures 1(a), 1(b), and 1(e) compare the estimators in the
non-sequencing case. For k “ 30, our estimator ppNS (given
by (4)) significantly outperforms ppAH for the D-hardest and
Chr9-HSat sequences. This improvement arises because ppNS

accounts for k-mer multiplicities in the mutated sequence as
well. For D-easy sequence, where most k-mers occur only
once, the performance of ppNS and ppAH is similar.

We also observe that the estimators using k “ 30 become
unstable at higher mutation rates (p " 0.3), whereas the
estimator that uses k “ 1, given by (1), performs poorly at
low mutation rates but improves as p increases. The Chr9-
HSat sequence provides an example where both the k “ 30
estimators — ppNS given by (4) as well as ppAH — perform
poorly even at low mutation rates, while the k “ 1 estimator
ppNS given by (1) achieves relatively better performance.

Figures 1(c), 1(d), and 1(e) present results for the
sequencing-based estimators. For D-easy and D-hardest, trends
similar to the non-sequencing case are observed: the k “ 1
estimator given by (6) performs better at higher mutation
rates, whereas the k “ 30 estimator given by (8) performs
better at lower mutation rates. Going from non-sequencing
to sequencing-based estimators leads to a slight degradation
in performance, but the overall performance remains within
acceptable limits.

For the Chr9-HSat sequence, we only report results for the
k “ 1 sequencing-based estimator ppS given by (6); for k “ 30
even the non-sequencing estimators perform poorly. In this
case, ppS performs well due to the large sequence length and
the significant deviation of fC{G from 0.25.

Figures 1(f) and 1(g) illustrate the effect of varying se-
quencing coverage c and sequencing error rate s while fixing
p “ 0.05, for the D-easy and D-hardest sequences. The
estimator ppS given by (6) is largely insensitive to changes
in s, whereas the performance of ppS given by (8) degrades
as s increases. This degradation affects D-easy more than D-
hardest since most of the k-mers in D-easy occur only once.

Therefore, as s increases, most of the k-mers don’t appear in
the reads, allowing spurious k-mers generated by sequencing
errors to dominate.

B. Synthetic sequences

For randomly generated synthetic sequences, we fix p “
s “ 0.05 and vary fA{G, c, and G. We consider sequence
lengths G “ 105 and 106. For each value of fA{G, we
generate 20 independent reference sequences and simulate 5
mutated sequences from each reference.

Figure 2(a) shows the performance of the k “ 1 sequencing-
based estimator ppS given by (6) as a function of fA{G, c,
and G. The estimator accuracy improves as |fA{G´ 0.25| in-
creases. Increasing the sequence length G leads to a substantial
improvement in performance, while increasing the coverage
c only slightly improves the performance. The estimator be-
comes unstable when |fA{G ´ 0.25| is small.

Fig. 2(b) evaluates the performance of ppS given by (8). In
contrast to the k “ 1 estimator, this estimator performs well
even when fA{G “ 0.25. Here, performance improves slightly
with increasing G and more significantly with increasing c.

VII. CONCLUSION AND FUTURE WORK

In this work, we extend estimation of substitution rate
between two sequences to the practically relevant setting in
which only unassembled sequencing reads are available, and
the underlying sequences are unknown. Our approach relies on
k-mer statistics, and we propose two kinds of estimators: one
based on k “ 1 and another based on large k, for which we use
k “ 30 in practice. We also derived theoretical performance
guarantees for the k “ 1 estimator.

Both the estimators have their pros and cons. The k “ 1 esti-
mator is unbiased and performs well whenever |fv{G´0.25| #
0 for at least one v P tA,G,C, T u. Its accuracy improves
with increasing sequence length G and higher mutation rates
p, and it is relatively robust to sequencing errors. Moreover,
the k “ 1 estimator has substantially lower time and space
complexity and scales better with sequence length. In contrast,
the estimator with k “ 30 is slightly biased, with a bias that
depends on the underlying sequence. Nevertheless, it performs
better in practice for less repetitive sequences and in regimes
where the probability that a k-mer mutates to another k-mer
in the sequence is low, particularly at small mutation rates.
However, this estimator is more sensitive to sequencing errors.

A direction for future work is to establish theoretical perfor-
mance guarantees for the large-k estimator. In addition, there
exist regimes and sequences for which both estimators become
unstable or fail to provide accurate estimates. This motivates
the open problem of designing an estimator that performs
well across different regimes and sequence types, or at least
for most real genomic sequences. Another possible future
direction is to extend this framework to account for other
types of mutations and sequencing errors such as insertions
and deletions.
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(a) D-easy non-sequencing (b) D-hardest non-sequencing

(c) D-easy sequencing (d) D-hardest sequencing

(e) Chr9-HSat
(f) D-easy: Fixed p “ 0.05, varying
s and c

(g) D-hardest: Fixed p “ 0.05,
varying s and c

Fig. 1: Real genomic sequences

(a) k “ 1 (b) k “ 30

Fig. 2: Randomly generated synthetic sequences
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